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INTRODUGTICN

Tie jresent dissartation aimes $o show
two thinge n:.mw. that the method of linise
is uot confined to mathematicsy sesondly, that
tre nethod of linits may provide us with a key
for & more fruitful reading of philosophieal
texts wranentinr n vlatonle onilook on thinpa,

The work will be divided into three
parts. The first part will be dovoted %0 a
rathexmation) 1llustration of tho method of )i

mits, The resason for this rFrosedure is obvious

endcugh. No one questions the usefulness of the
nethod of Yimits in the field of mathemsties

and of the saefsnocas sudordipated to nathenasioe,
Yurtiernors, whils osr intention is 4o show

that thie method far excesds %he fleld of mathe-
matica, {ts applioation in pathenntios is by

far the noet otrikin- an! olearest, so mueh so
thnt to whatever othor fleld 1t is applied, we
alvaye find 1t at least convenient to lean baesk
on sone nathematisal annlogy to surtein and swe-

Yedo~wws olurify tho aypiicasion, Indeed, it

Right even be asked whetheyr fts application to

$0 other f1elds {s but an extensien of the mathoms-
tioal theory, or whether tle mathenaticsl theory i
ituelf but onxe instanse i a methed more gonoral aml
logieally prior.

The seeond part will be au analysis eof the
1deas wnderlying this nethod, mainly as oxonylified
in the mathematienl jheery of limiss, The amlysis
will be msde in aristotelian terus, Bus, im erder
not to arocuse ﬁ-.nsww oither the historians or the
nethenatiolans, we =44 that we &o DOt Yheredy meen to
inply that whatever we shall nmalyss or imterpret in
arist-.teliaz terns is to be u.onra iz Aristotle or
in the aristotelian tredition. The reader may re-
Jeot the lebel; we are Anterested in ike thesry

alons. The if1portant mnetter will be what we vse the

. lubel to signify in the theory, rot in history, 1In

this second part we shall preseat some non-mathona-
tiosl 1llustretions, yestinr on classieal aristeto-
lian and sheaistie texts.

In She third paxt, we sksll present texts
fron Oresk und Nodern philosephy thst are relevant
to the metked of u».-..uv-. Our eonnents on them will
be drief; 1% should be suffieient narely to read

them 1a She 11ghs Oof what shall have preeeded them.




In our hundiing of all Shese texss, ansient,
nedineval, and modern, we shull leave entirely un-
deternined what the fntention of the partisulay au-

thor nirht have beon. ¥e shall be sadisfield de

- show what we think should be {ntended 1f the text

is to Rako sense, leavirg it to tLe hissorian %o
a::c. in kis own -n-.-nmn way, .—u-n::a:onn for:
-o«u.uc..:ua sense Oy nonsense £oc the author rulv

ef T i hulwead o hawerta

vusle I n o birtoricsd fuul, wuweves, weyond

the r . sch of the historiens, S_-v thinm nn-uo-.o..l
tion is the result of an astexpt to understund
these texts, 1In all Justlco, thereforo, we are ine.
debted to then xt least ap to en osocasion.
Throughout the developmert of this work we
shall be confronting cersain highly embarrassing

yositions, which we mre conpelled to mainsaim in

‘fuce of the quasi-unive-sal rejectlon by whats 1s

oulled the “aristotelian ant thonistio tradition~,
Jjgain we nust point ous thut our fintensiom 1s not
what 13 to-day called “kistoriosl™, slthough we
o irtend $5 sugzest o waﬂ to tte wonnen of v:u-
and othor nuck texts, nrln in to the ronder whoas
purpoas iz tc lourn from thoen whet in the trugh-

of thinga., let ur ococsider & coneratn exanple.

e -r-:.o-d.. So estadlisk that, sceeriiag e the
nethed of limite, the reapon for the spesifis dif-
ferense of orn'm 1s ast OB the part of the form
e en ovo pars of the lno:.q. But is net S0l @
well-knowa plutonie srrer, wniversslly rejseted

by the whele aristotelian and sheaietis Sraditieat

LN L

our aaswer will be that whatever Flate or the rlae

tonists n-oo-.on. She yosition as noiu-oo. is

LNk

entirely sorreet withia the coﬁvoo of the nethod of
1imits, If, Shem, She nethod of 1inits 1s legiti-
nate, the unsonditions] rejestisnm of tte positiom
hus ll.od.u:n to Shrovimg out the baby with tho
bath, Hence, eur yurpose is, mot to dafend Yimtde,

but to defeml the position we formulats asé whieh

happens to be sdtributel to rlsto, ani rejeetnd

as platoniec.
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NWTHEMATICAYL BLLUATRATICA or YHE WTTRON OF LINETY

Mathematical Illunstration of the Method of Limits

An attespt to Eﬂbﬁ.ﬂ!& the incsloulable ve~
lue of an irrational nusber (incalculable, that is,
in terms of wbnoaon- or common frsotlons), always
brings to the fore ssveral lb.z._ouno_.onw conospts
essentlal to the right to the right unlerstanding of
the Method of Elo-.. Such terms as limit, itself,

?:oo»am.w. varisble, n:mn:n«o progression, snd others

are 11lustrated in any careful answer to the sppareat-
1y simple question: “Bhat is the square root of 21" The
problem fmplied here 1is the very ono familiar to the
"snolents” under the form of *jnoomsensursble lengths.” i
In order %o find the square root of 2, it
would be Bon.:.._--u.u to find the nusber which, multi-
plied by »nuown-. would exactly equal 2. MNow, 1n the
soarch for thls numbor, it socon becomes evident that
the number 1.4 is too small, while the nuxber 1.5 1s
too large—- (1.4)Z = 1,96 and (1.5)% = 2.25. To deter-
alne the -—E-.von.- e.:ou- one could begin to incroass l.4
?»ﬂ.r valuos that we ahall here suppose to be arbitrar-
11y chosen), or to decroase (in the sazo way) u...u-
keoplng a contimual watch on the progress, upwarc or’

downward, of the corresponding square-- 0e.ge3-
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Eu,.vnom.u.cmuhonu of 1.4 is ondless, as 1a the
progresaion of the number dependent on it, 1;96.
ilnwovor, just as 1,96 1a drawing ever nearer and near-
or to a dofinite number, viz. 2, s0 1.4 is drawing

ovor nearer and noarer to a number that 1s definite

SRR

but inoxpressible in terms of the familiar 1lntegers

or ordinary fractions, viz. the irrational number V2,
Tho important polnt here is that 1.96 wlll never

roach 2, no matter how lIncreasingly near it may draw,
and 1.4 may tase on nillions of decimals but will never
roach W 2. All thls holds, "servatis uﬁip:n:...nom
1.5 and 1ts n.a.co:&obv 2.25. It is interesting to note
that 1.4 and 1.5, dosplite their progress in the &.u.ooou.o-..
of cuch other, will never meet., At first, 1t socomed easy
to locate the square root of 2 somewhere betwoon aw—.oua
two nunbers, ssparated from each othor by a mere matter
of ,1l. Later 1t becamne nocessary to search for the .
square root of 2 semewhere betwoen 1.41421358 and

1.4142135%7, the difforence here

L\

o RN

" Velng only 00000301, Aetuslly, the &iffereses det-

wesx thaso ivo sppareatly corvercieg wunbers, ttevgh
coxstently dinizishing, will zever be orelfsctod.
»umowvn ;olat to be notleed (o thet 1,50, a2
1t goatiuuelly ifrereases, 1ea relatad to £ as 1t s
to ns other number. It is true that the searer it
approunctes t. Z, tha nearer it mesessarily aprecshes
o... ,u or 43 but that is only inelidental, 1.9, 1l.98
appreashies I or 4 only bessuse any appreack te T ne-
gessnrily {npliees an apprensh to a higher nunber,
and 1.96 §is apyroanshiag 8. If, hawever, 1.93 were
ever to nn_..t—u .n. then thers would be e €32 te Wtie
approashing and 1t would bo ueen thal sll alexg 3
and { wera aever intexded, 50 to spesi, 11 the ay-
proaghs The mypproach to 2 i{s what is ksows as

“toendiur to n 11-1t<,

YARIABLY
This slaple exauple furalshes us wit) an 11-

lustration of de;endent aad iadepandeat varladles,
%hen .lo ahose l.4 an s wguare roct to —u:—,-n._ wur
seureh for the sguare root of f, we theredy dotar-
nined the sguare that wes o leal tte way townrd R
1ts0lf, vin. 1.96. Then we 1nereased 1.4 to 1.41,
1.96 was necessarily and proportienately iaeronsed
%0 1.9881. Xvery .rlua,a in the solunn of &quare

rocts savssé a eorresjonding, deperdeant, and pro-




" independent varjable., This arrangensst, of course,

¥, the depsndent variadle,

ET g~ 7 f

portionste changs in tke eolunn ef squares., In other
words th+ mquare root is a varlable, reselving &1f-
feront values arbitrarily ss taned {as we dsliberate-

1y sup}osed), while ths sguare is a variable, ro-

DL |y v oA At

gelving values, not arbitrarily esaizned, but neces-~
p.rily detorzined by ‘the gontinual dependencs o6n the
yarying values of tLe equare root. $11s, thon, ts

varviable .
onllod a depoadent yuriuwwie, while ke forrmr ir ==

1s 30t absolute ané may be reverased, This io oasi~
1y sesn fron the fast thed we ocould just as eanily
huye erbitrarily assigned the varying values to the
sgusre, thus nakiaz the squars rooct the dependent
varisble. Usually, this 2tmtinstion between 7aril~
ables (aAnd hetwoen variablas and coustarts) iz 1l
justrated §in sone algebraje xy fornula, e.g.t- Af
{: tle slope~lntercept form, y= nxed, we let the
constants m and b heve the vuluen ¥ and '3 rospeedl-
Yoly, wa have an equation with twou undsternined va-
risbles, l.e. y* 2x 2 3. If we chouse to give de-

filofte values to x, we tharoby reke x the indepew—

41 variable, end witl avery new value ussigned

to x thore is Geterxined a correspoadin: value of

YUNCTIUN

lilexe we have the slenenta of the notion of

o

ey it

sfnuaetion”. In the exaxple Just given, y Lo a

funotlen of X, Xn geasral,

~when ons quantity dapen upos saother

43 such = way theat the firat is deter-

ninsd uhad the soud is spesified, the
first quantity is ssld %o Pe a funstion
of the other.” B

fhé 1dea of fumstion filalae a perfeetly sleer sxpres-
sion in the brief L-nulnowcu of leathent

~vhe sgsential feature of a funetional
relation is z aply a depesndeiaoe of the
value of the cependent varlatle (or
funesios y) o« the Ladepandent varia-:
ble {x) by zone mathematieal rule o?
rules, formels or fermulees, so that
whox a valus is assigmned to the inde-
pendest variadle, tie value of tho
dopendent is caleulable by the rules or
formulas withcut douwbt or anbtizuity.=3

It 1s rot &) all necessary that the tnpendeat verfs-
ble da noa-nwoa as sush absclutely. Trese gualities
ol p:L varialtles amﬁ uuuowavpuuarvua..:—noo a fude-
tlonun) rolation 1 really & law of autual departenee
In oar origisal exzaple, the aguere wax s functlea
of the sguares rool, =nd thw difference of the sivare
700t balos —VT ani the ome abdove «an & feneii.w

of both ol then.

Other examples of fumections are suek: stasdand
A=Tr>

onen as Ahe formulm, A= Trd, which in the nathena-

tieanl formulsiiocn of the fumetfonal relatiox of ke
area of = eirele to the radjws, anL wq 19 the ad-
svlute conatany, ¥ 19 the indspendeat mrd A tue le-
pendent variadle., Xn the falling-body formule,

nnw\nnnu. z (sre :»..vrﬂ)nnou due to gravity) s

4= hqt*

N
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e  cad

ais syndel, £(x), 1s, in the words of Leathen, "an
abdreviation for some formulm represeating mathema-

al operations oo the mumber x)* anid y fs the re-

sult of Shose ojsrations on x, 1.8, a eerdain vnlue
of which £{x) 43 norely the syndol or “sbbreviatior.
jsoassquontly, tho forauls, ¥y =f{x), means nerely
.«_.uo y io a 42.233 of x, .t:v.o.; fndtleating what
particulnr funetion fe¢ ncunt,

PROGEESS 0

dludds ol

In the cousideration 0of the prodlen of find-—
17 the square rost of 2, there wan ap 1Vlyu¢tradion
of the nutheasetionl notion of “progressfon® or “se-
ries”, Torhaps 1t would be batter t¢ say that the
notfion of “series” wap suzsested by the mequanocs
resultin, frow the unending ineresse of tho aunber
1.4 und $ta funetion 1,963 for, strietly speaking,
= werjes 15 e msuccession of teras whioh procesd neo-
sordiag to mowmu fixed law., A series is finmite, {f
th+ nunher of teras is linited; infiatte, if the
rurber of terns ls unlinited. Tho nost sonmon ex—
anple i the morier of ndd nunbors {1,%,5,%,c0e),
which In» {aflnite. Pma&:o:.o 1na wlioh eack: Of tim
terus ir daorived from the preeediug by addins te
it = ¢ixed wmount (the *conmon Aiffersnce”) 4 oaldl-
#d an “arithnetioc anries™] e.le 3,6,9,1%,10 18 o
f1qiteo {five tardAs) arithnetia sories ‘vith N ms the

compmaa differance. JIf the avnamon Aiffereance were

ngly, the seriesr sould tien be,

to be séded wxn
of scurse, iafisite., A sequexse {2 whieh sash of
tho terxs is Sarived frum the ;resedinag by muliil-
plying 1t by s fixed awouat {tie “ssanon ratfe*),
te ealled s "geonetirie series®] o.k. 2,4,8,18,02

is a flaite (five terns)} geonstrie series witk: the

ocomnen ratio, te

LIMIX

Pisally, the exanple ...n the siuare reol of
two fatroduses the motior of “lixlt". The Jun-
bera le& and 1.8 tend, n.u an wpward ad a Sovwand
direetion respactively, %o tXe frrational nunber
J\Ml- and the nunters 1.98 ®af 2.15 tead, 131 an wp-
ward and a dowaward directio- resfectively, to ths
ratiomal suster . T'e teolexcy 02 the part of
thems fovr suabera jc “eadlers® butl wot *1linitless",

f.0e thore 2 o numdbexr whicl, If atialned, would

bring this teundrisy {tde ecortitwe] irersase or fe-

sreass) to = elons} Ddut siase tuiy vundber, ne Rel-
ter how elosaly aprroxiamted, !5 never attelned,
the texdazey toward it mever halts. This nunder,
wileh narks She goal, %he wsattainable ternicus Y3
a tendsney, Is ealled s “limit . It %1 thie no-
tions of Iinit thal may mow be diseussed nore sesl-
1y, after the bdrief ecnalderations of the moliens

of warjable, funeston, and series.
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I goeneral a limit nay be definsd es a fixed ereass of wanerfeal value as will fisally Srensesed
’ valus or forn which m varyisg value or fors mey mp- any annber met up as s bdarrier in s path,”
proach indefinitely but eannot reash, The nore or This gosersl fdes of l1imit muy be glarified
lesr standapd definidfon of limit is the followiag:- fn fte first and eustonary iliustratlos. Ttie free-
o) *When a variable X aprreashes a constant ¢ ns r o
N 1n sueh o way $hed & a1breranes batn tlon = 1s & fusetion of the iasdepeninnt verie
..I E in adesolute value VYeeomes axd remaine le

any presasighed quantitsy, hewever smell, x is

ble a, to whish we sre going %0 asaigs sussesrively
said to appreash @ as a linig,”

insreasing velues, begluniag with sene pesitive fa-
ori-
"Jf a variable x approashes more and mers
clos-ly s gunstant valus a, so that a = X
{f.0. acocoréing to nunerisal or adsolute value)
ovontua)ly becones an€ reanains less than any
preangigned nundbor, howsver ssall, the eonstant
a 1a thn 1linit of x.*

Seger. ‘Yor sthe values of n, we may assigs an avith-

netie series, Witk 10 for the fixst term awd 1 fer

the arithuetiec mesan. As a progresses threugh the

values 10,11,12,13 ..cc0e, its depondent variadle,

hln.ln , pregresses aseordinglyi- 11/10, 1t/11,

ort- *“X function £{x) hanm tta linit L at a vs-
lus a of its arguneat x, when in ‘ho valghbor-
tood of u 1t2 valuem approxiaate wc L within

overy standard of ayyroxination, 13/18, 14/13.......101/100, 103/101, 103/102,

104/1530000.02100001/100600, 100008/100001,
Tie dciinition inplies two theorems that nay 102005/150008, 100U04/1G000N, ete. Eaek term 18
be ax;rasaly stnted ao followst~ 1) If a va

adle

less than the precading, bit despite $2is econtismal
sevar decyrsecsws anl never beoo ..

¢ groator than . dvarease it vuluwe, tis dscrenss 1y rot unlinited.

fixed nunbsr, thon 4t a;proaches a linit wiiek is i'are, s¢ befor:, mva~. te » 4ifflcwity of expresaicn.
a0t greater thun the aundber. 2) If a varisble ne~- ?Arls serfes of the values of the nn-n-or.—- .uhwoll
¥es ingreases and nevar beoones lesu vhan e fixed

yst in thie endless proeossiaon tlere is = linit.
aunbar, the variadle upjrone

s a linit whkieh fe Tvery tera 1s greater than zaro, grester then },
uod lese thsn the number. Hoastimes the limis of gredter, in fass, thas 1, Unity le tte greatest

8 variable is sero, ia whish ease the variable 1s runbar of whiek it s1n be sald that every ter: of
oulled an {nfinitesinal. nNoxstimes thw an—o.ow Sthe meries is greater than §t. A% no stase 1A 1%
& varjiablie fs fnfinity, in shieh ensme the va.iable ‘

k4

usending progroas Sowmward will the fraetioa o2 N Y
fe onlled an (nfinlite. This 1itersl ocontradle-

less Ahan She xumbar 1. It may puss w%c. or nﬂ@ﬂ.

tlon {ltnit is Infinity) nrrely neaus that the ve- or rﬂ&a- But 1V will never yase l. If @ represems

riahle projresxcs “wsith auch a Zezeral trend uf in- axy small positive sumber, ax snall as desirved, 2P}
[

§




will pass 1 & e in 1%s tending to 1. 1Ia ether wede,
given any suall munbsr, no neSter hov small, Sheye

will alwuys ba a stage ia the prog

ss of this free-
tion bayond whiek the differeuae between the frae-
tion atd the number 1 will slways boe less ttan ¢ is
-«.LL nunber. While thers is no munber greater than
1 that 2321 will not jass, nevertheless cn the
other hand, .mlﬂl.w will never resch 1 isself. In
4%1s ease, the nuaber 1 is the 1limit of the 4..1.».-&.
W.wu.lw the number of all nunbers of whieh it ¢un de
saldi- "this number smunot be pussod, yet it .»- in-
possible %o wlro any greater aunber, however asar,
whioh is not passed in the downward pregress of
.anln. due %o soantinual ineremss of n.° Binee we
assig~ed as values of n only pasitive integers be-
alaning with 10, there la no valus of n for whiesh
1/8%0, and thersfore no vnlue of n for which .llt
* 1. That 1w Just the point, B ¥ 1 wil) never

n
eggal 13 1%x 11inlit equela one, anft 1t teads o itm

1init as ti = goal Lut naver atiains it. Ity value

nay lie hetwea=n 1

1 lus a vory srall gunder
eo:tfnually gettiag shella:, but this vslue, nen

co_:%va Jimit, w111 elwnye bo jnosel, In the worde

of Leathen,

“A 1irit, tlen, 1o the g0zl of a~ endlens
jrogress of a varjabla, a auaber to whioh ap~
proxiusutlon 4s evor olossr nd closer., Ané
the tost of approxinetion tu a 1ialt is the
fxposaibility of setiing up, bLetses: the limit
and the wpjroanching varilable, a barrier nunher
wbhioh nay not b3 ultinataly #é by tha vari-
able in 1ts vﬁoano:.-a

‘aver attaln to Sts limit, 3§ axd this, sot O

Asether peing, %o Ve notiee he

s alrealdy sees
before, i the differenss botvesn mers “aprroaeding®
and "temiing t0 s 1init", I% may Do sald Shat as 3
texds %0 B as a 1ials, 1t 1s alee sppreashing {ia

the »

se of "aere apyreashing®) to 4. The varfeble

x will never reash &, be

s8 botusen 5t and 4 Shere

ts an ~effestuval bdarrier,” vis. 5. Neither wlll it

(1]
thers is any "effestunl Barrier® betwesn it and §,
butl Deeaisse there is ar fafianily L3 be traversed.
AL & vatnt ia t)is “traversiag®, the difference bet-
weox 3 mad 3 will becoxe and renain snsller ttan
any arsitrarily shosen nunber, howevsr enall] but
there wil! alusys be soue differerse datwsen x asd

Se

The sxanple glve- atove wnr an 1llustration

of 0Oxe of tlLe theorens mentjoned jreviewsly, vi:,

if a wvarisVle never lnereauss and never besones
Jesr than a fixed nuaber, then it approashes a 11nit
whieh s nol gremter than ike sunber. If a veria-
ble assuzis $he sequenes of values u.u.uunuw\—.uue.
32 %6, 37, 39744, o0t 1V mever execeds 4}
1.0. 1% m,rroashes & 1Ixi% whieh 1s not greater Suax
& (as & natiur Of Faod the 1INIt 15 wXaelly 4).Tris
fs &) fllustration of the ntker theorer, vin. if a
variable maver decreases ail nevar tecoxen sreater
tike & flzei nusxbor, then 1t appromehes a 11+1%
whlx) 18 not greater thaz thre auandber.

A Inrortant polat Yo be potieed ‘in the exan—




e

ple of the frastios, ._..lew. 18 that it is & funotion, aa

and thad 1ts linit _-.. properly spesking, ihe l1inid
of a funotioa. This firat fast eculd be exyresved in
ths fornula, .WrI'!..w\u e f{n). Howaver, mot only @oes
the value of this frastion depend ox tha value of the
{ndependent variabdvle, —._no its tending in genersl and
fts 1init depend on the tending wnd 1imit of the in-
dependent vaeriable. The 1iait of the frastion in
ALls came i equal to 1, as the tndependent variadle
4ends %o infinity as u linit (which memas, literslly,

that the independent varinbls han no liait).

The 1iaiting value of a function requires se-
yarsie cvasidoration., Any esndlesu progrens of x
reserally datermipss a asrrospondinc epdlens progrems
of f{x)}. If thore la ralatel tu ttlg provrese a
aunber © muo™ thet, i wo &elrot ery szall yositive
nuaber 3, oo natter how o nll, therm is alnays a vor-
resfonding defintto stnce 0 t e ;rosrewn of £{rx),
after whleh ft fr always tho ansa tvat]f{x)-ol< s}
thea, f{x) in $his prourasn tenda to g as a 11348,
As u natter of faet, o funotion of a veriable nay
or may uot appromedr a linit as the variable itself
apiroaches a lixit, In goue cases, svon, ths funo~-
tion may not be deflned, 1.8. nay lese all neaning
or value whan the indepandornt variasdls fakes cerialn
values. Thim is elesr fron the foraulai~

Tewe, the frestion (whieh 1 the funeites of 3} has

meening oF value for every value cives %o x, with
oae exoeptlon. If x eguele 1, then f(x) lw o Whieh

is necningless, I» sush = @

e, the funetien of x
(whia) nay B exyresssd ss £{1) Ln A2is ysrtfeniar
fnatanse) 1o sald to be unlefired. The 1lixit of a
fuzetion does n t exist, »r i3 suild »o% %o exlet,
whea the funeiios 1e sotually ayrproashiag twe 41f-
fereatl 1inits hegauss the variadle is appreashing
1%¢ 1init both Shreugh values larger thas that 1i-
nit and through values saaller then 1V,

If, hovever, She variadle tends to e defialle
1ini1s, and 1ts funetien slso texda, 1n sorssquenso,
to a 1inly, txe Tast iz ox;ressed 1in the fellewing
formulas

1lia £{x} =1
x-on

ehie neans that ida linit of £(x), a» x te:ds %0 or

is 2.

sprronchos a,
33 thin 2atter of the linl? af a funetlon,
thera are nedﬁ.uuuto to ba copnnlderels-
1) The funatioa snd the 1lait oxlet and are lJefined.
This oses v 1lluatrated in Ve funotlon

fix) - x * $ ane the limit 1im £{x), whero

xX-rya
a*"2, 31n3e linx = 2,
X>%
- 28 Yy - 1tm(x”)? tin(d) =
n flx) = 10 (2" 7 1) = s x—2%

Niax)® ¥ § = 43
Z>8

the funellion itsalf !a definmet, foar a0 value®




of x (we ares ahering %o positive [§11

gavalidates the foraule ¥ and the Linft existe
(1,04 1o neither lafinits mor dowdle).
2) The 11ait exists, but the funetion s not defli-
ned at u co-tain point.
, This casc is i1llustratesd in the exanple

givea above, visz. f(x) = WM‘HW. and 1in £{x)

where a = l. The funstion of the indepandent
yartable x is definsd for every value given
$0 X, wish one exesption, When x £ 1, the
funetion £{1) nm. 4 not defined, desannme m.
is meaningless. However, the linit of the

funetion existsl

1in £{x) = Ua{xl)) = 2
x—1 x—>1

3) Thn funetiOn 1s defived, dut the 1imit does
notsexist,
This uvase 1s illustratod (- the exanple
£{x) = (x#1} (x=3)(x+8)
fiere, rix} ie dofiund for any valus cf xg its
waluo in o real aunber if x oqusls or ims

grzater than 2, an inaglnary nunber for

yalusa of ¥ lospr thnn 2-- sxespt for the cne

valus x ~l. (In sithor onsze. €{rictly spoax-
ing, the function Is defined). Newevor, 1f we
11rit ourcelves to the donaip of real nuzbera,
£{x) sannot :e regarded ss ajpproasking a linit

a® X adproashes =l.

4) The 1iait does act exist asd the funetioen is
not defined.

In other werds, 1lim £{x) dnese aet exist
R-»R

and f{a) 1s mnot defined, This 1s elear
fron the exanple fix) ® nfw. when a = O,
Subatitutinz the valwe of a for x, f£{x)
beeones £{0) asd inpessidle droause of
the W. Tharefore, fix)} as f(a) 19 usde-
finel. XC x ep;jroasies 0 (1hat 18, teads
40 1t withoul aver rssching 1%} oropm
{sereanes in aumerieal wvalue isdeffiaitels,
f.9. without linit. Therafore, 1lin f(x)

x-va
does net exisS.

There is s sanse 1a whiek all geemsirieal fi-
gures aay de ecsmliared ms linlts. If e polat is tmt
whie® hasw poaition, dul =o meguitude, w3l = line is
thal whler has longdh wilthout bremdth, thea all Wme
vizible, svasidle polats and 1inos «jjearling in geo-~
netrieal #lagrans are te-ain- es tv a 1111t to these
nou-sansidle points apd 1iner whia“ are of the true
gubleot of geonetry. ThLos are varinables, as It were,
wilch the geozotrlelimn urex 1p Tis ilccusGlon of

thelr limite. That ir (r\. ez Lrlstotle pointed (ut

that the ceoxetricis=: does 2ot uttes falseho.l 12

atatin: that the line whiel he draws 1¢ =n foot leosz

or straizht, shen it is sctually aslther. Aristotle
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sald that the geonstrielan, in faos, doss not draw
any couslusion fron the baing of tha partisular line
ov.n which he speaks, but frou what hWile diagrans oyn~
bolize. ¥hat those dlagrans synbolise nsy be regard-
ed as their 1imit, in an aanlofous sense. A ssrioter
exnnplification of 1imit in the realn of geonetry

may be found in the relatfons betwsan parsllel lines,

ourved snd straight lines, polygoms and eireles.

Asaordiug to RKuslid, parallel lines are such
as, beicz in the same plans, <o not nest 101040-..

fur they are produced {s both dircotions, The dis-

,acutox hozs of pursllel linos ag an {llustzation

of tte [den of 1liait 1avolvun tle Luolidean Parallel
Yostulate, whfoh {n hero rejontod:

“Jf a streight liaze dut tIwoe atraicht lines
Bo sn to nake tic two interior aniles on the
saze side of §L tougethnr loss than two right
agg) -2, these straicht linom, bhela: contfuu-
ally produeed, xill a¢ leongth noet on that
#ido oa which are thn anglos whiek aro to-
sether lonss thacs two right anrsles.”

Jluwever, a sat of parsellel lines uny be cosidored

nz Lhe 1init of a set cf intarseoting lia-s, Tuls

oan be ssen fn ¢

followliug examplnr The two
straight lines AB and 3D (0f.¥ig.l) are cut by the
straight line XP in such a vay Shat the Swo interior

angzley on the sane side of XF are together less Shan

two right an3le

The liney AD and OD are intersecti~
ing lines, and topather with X¥ fornm the trianzle PraR.
Ir the trianzle PER, the coruers P aud o are

flxed vhila the point at R 18 & veriable moving fur=

&

AT e

{rig. 1)

N

(rig.2)




’ fore, 1f (am

ther acd further along $he line OD. In fael, R may
be ragsrdsd as tending to fnfinity, or the 1ine QR
passing D nnl extending »n:n»l.:t:. The sun Vn.
tho wozles at P and & (vwhioh s lesa 4han $wo right
augles) 1z « funetion ef 3hy veriable point a% R
{or iH}e. The further avay R noves fron i, the smal-
isr the angle at R Lscones, end the greatsr the an=—
gle at ' becuzes. The further tho line QR extends,
the u.—eu-n to the valum of two right anszles does
the sus of the mnzles st i a3l Q spproast. If the
sun of I and 4 wers to equal two right argles,

then the llnos AB and GD would be parallel, There-

e point N tends %0 a position ever
further nn1 further avay froam tha puint <) the sun
of the asgles at P nné 4 Sexd L5 thn valus of twe
right angles as to a liait, S.ou. the fntersesting
1ines 4B and OD %e-4 to the configuration of twe

parallel linea outtinc BY at I and Q¥

Jee Firure ¢ for the linlt gonfiguratlion, The

soe ad Cigura, the 1iall ocoiflgnration, ia e sendl-
ally 4ifforent free the progrcasiveols ohunsing coun=
figuration of Wilch 1t 1y 1he linit., Purthermore,
the 1Init will aaver be ettuined oo 53% af thera
is a Point R, whare Al cuts CD. H1s s quite ob~
vious. &Glnoe, hawever, thn line CD may be of in-
fialto longth (1.0, extond incdefinitels), there
will nlwaye bo w3 R, which nay sovo without 1intt

(fens tend %0 inrinity) xlon; She iafinite lino CDe

Rere presisely is the netien sssential and fusde-
nental S0 the fdes of matienatisa) linit, Tre weve-
nent uf the poins R awey :—.i the polat & (ams the
point R in;lies elways the §nterssetion o 3ie Ses
1ises B a3d CD) {8 not soO tht-aZ. od stat 1t ey
Sisaprer altogether. Deapita th1a rectrictior, 1t
1s uaveetristsd ix the sobnsa tiat idere 1s ve ord
10 the wovewent of the point. There is hers ea f8-
finity wiShin :..:.-. azf 1t 1a this “restristed
Lnfinity”, se mo syask, that 1s respoasible kere
{as It was 1a the casw of the *aritineticel ares’
betwesn mA) 1¥e ssusesuiive fatelral cuabers) fer

the very metien ef mathenstlesl 1tmit.

asinple axd elenr g netrical fllwetraties
of Vhe theory ef limite may %o hal in the euse of
eurved and straight limes. ¥ ean bo stown that &
streight 1ize is thte 1limit of » eurvad m—-o- [ 3]
synt a cursel line 1x the 1init of « atratlert 11a0,

1:.,0_\@2,,?“4
In Yligure 3, for andlessly ireres

ralius of AN
13 WP
eirele, part of the clrole (o1 the left haut slice
of t*n dottel liie) tands to & stral;ht 11as ae Re
= 11=2tt, dhﬁm/m-« t:e atrat-ht l1lae XT Graws thros
a perpoalicslar tc Ale Thit esre of 11mit may de
proved 14 the no:c-_.:» weye OR Ate Pire —mr- 113e
AD (ser 7ig.8), 1ot A da nmqnn—-w ar o flxed @o;-

end G as e novinz polat. Witk O as aebter 05& (X 38 24







as radius desoride e eirele corresponding to 0's
first posision. Dres a atraight liwe, AN, Shrougb
A, perpesilaular %o AD. Drev & 1ins throush N,
pazallel tc¢ AB wni neeting the eirele at the pointe
P and ..... fhen fron the point P let fell the 1ine
¥L, perpsndicular to AR, and let A be the oprosite
end »f the dlaneter turough A.

Sinee AL ¢ 1) tt L¥ 3 LAY {(Kuolldj BXeY],Prop.13)

thon AL . LA* ~ F-..

and 25.1 . LA* ™ 37" (by cubntitution of ealvalents)

. NP am
..5....%..

If O in noved eadlensly further fron A, then LAY
tauransss andlosslye Silace LAY Ia the denoalnator
of Vo fragtlon to whii, ¥ ia eyuanl, 1t fullows
thuat with the epcless inorenre of that dwnoaluator
tha fructjo ::Lrn dearcuzos eardlonaly. Thurefore
ﬂﬂ. tho dlatance hetxean the giroular nro i tho
wiralsnl line daoresses o:&wo__-:. In other wordsa,
sav¥t of tte olrale which 1n niways sirouler and
never a straiaht ——IW. tendo to the forn of the

straight 1ino an to & Itxit.

Tho exmet ojppomite of this owse f 1liwit la

the teadepcy o7 a :a.n;:rn 1ine ta tha formof a

eirsular are x5 to- a 1§:1%. The familinr exangle

of t'e j;olyron lareribod 1 m cireles or ciroussori-

bins it iér

a eiroldn, »1% kg nuqhar of Ity sider lacreas-
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fng endlessly, furaizhes an illustretion of She earo

at hend. IV wil) bs sufficfent here merely to pro-

duse the figures (seo of. Yig.5 & &},

Thera are a ouisber of ?_:..n.-.un ways of regard-
ing the fl.ustration of thre inseribed polygon (riz.s).
Cne vay 4s %3 regsrd tra arc of the cirole as the 1i-
nit to whieh the side of a triangle tesds Shrough
svcoessive and unending multiplications, Another way
fr to co:unjder the entir> cireunferense as the linils
of the perimetar ¢f the fnweribeid jolygon of = buho-..
Jottin’ eneh nide have tho lovfiah s, the: since the
runber of eridoa is ;onan..»:m :sm:a:&: T may bdbe
dafinod nr & 11:it :.umn‘n.

T « lin -—#-
12-> 00 ns 4
T
Tuio mouna that 7 §» the Linit of -u% as n inoreases

i..&fx,.f f.a:w/ fends = Lo

kithuut Ji-lt o2 “tendn tr iufiaity

In Trigonoretry the theory a.n Llinita finds its
=08t oonwon illustration ¢n tihe linit uf tho rasio
of o vaniehiag angle to 1ts aina., Thir ray bde ex-
;reavned in the following formule:

X __——>1 vhen x—>0,

»in x
or
1in X T g,
x—¢C oin x

. $in
(34 K
HELS, o_w_, ratic v? the Ps%w- 16 1¥5 s1o0e 3& o fune-

tion of the gaagle itnolf, which is o varinble tana-

—‘P“o 8)




fzg to seroce.

If x wers to be regaried an having
atiained fas liait (0), the funotion would have

a0 asaningj but she problen e conserned with she

funetion when X tends tc RePo, not whaen it eqQuals
) 2070,

1.6t the arns of an avute anile (see Fig.?)
whose vertex 4s 0 and c3roular nasaswre 2x eut a
0irolo of senter © and ¥adius ¥ fn P ¢nd Q. LlLed

4 Q
the tnngenty at I 228  Neds (n T, nud lat OT in-

ra N Po
torsoat I; 4n ¥ ornd the olrole in A, Then Fr2 s
gerpeadigular tc CA, asd the nugle AOYP im X

812 x = P}t nes x {4z rudton)®iAp ton x- X
T r r

Thoe are PA; lion $nsldo the triangle ¥7T3

P Ta
ard iv overywhare convex towards »7 ond T.. leneeo,

slncu tha gshortest path fron u zfivea point %o w
atraight Ying {whether ;0lygoual cr surved yatha

be sonsidered) i1s that mlong tho parpondicular,

" A N
PNTNQSPATARLPTHT® py « wy < FA + AL < PT + T3

X 2pN< 2FA <201 2y < LR < BrY
a Pl < Pape < PT/r R/ < A/ < ve/r

sin x<mes x(fn radian)<tan x
e+ tan x> x O sinx

Division by sin x glves 1/cos x 3 x/sln x 21

A . (ric. 7).
1in 1/e60% x ¥ 1in x/ein x 2 Llin 1
x>0 x>0 x—>0

121 x/at x > 1.
xX—>0
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A final point tc bs 1.:.-::.!». briefly, is
She use of the infinitesizal in the differeatial and
tutegrel o-..o.-vn-o for the infinitexinae}l is 1tself
a varjable tendin: tv a lisit, viz. sero, ant the
1init fdea is well 1llustrated {n Shose exloulutlons
in whieh the fufinitesinal plays a part.

¥han y is = functfon of x (y » f(x) ), a shange
in the value of x, oalled an ingrement ef x, will,

en

slly, give riss to x1 {norexent of tha funotion,
It s b>oth uvaoq-::nu‘ and «_nc:p-u_.o to eoupare the
corssponding inarensnts of the function amd fte in=-
dnperleat variable. Thre ;aqof..? ¢f the {ndepondent
varlsble 12 usually exjressod by tl'n aysbol A xg -.u.n
that uf ths funotlon, by Ay, Niaco y changes to
tho sxtoat of A y for every aa..no-wo_.a_?.ﬁ changa of
fix o1 the part of x, W.m rapresants tho averuse
cligfse of y per untt shange o* X, r %tha averajge rate
of ohtange of y with peppoot to X 1x the faterwvnl Ax.
It nay happen that the increnents of y dc not nalntala
s uniforn rate. JIn order to obtala the rats of ekan-
te of y with respoct tc x for the initial value of x,

thes nethod of linits must be —unnca.:can. A® X Bpproa-

chos sero, W“ nay or nuy not approash s linit. I

it does, the linit in guention iz tha rate of change

that s baing mought. This 1imi% 18 oOalled the deri-

#ative of y wit) resjeat to X, and may be raprenant-

0d by the ayubol m.m.. {0 hnve thon

“Hu 1= bdy.
x x ¢ Ax

The prosedure involved 3a arriviag at this eonelu~

sion te as followat-

%o start fron tha relatienm

-K‘nnqo x the inereneat D gx; whersujon y taeores
. (N*D*I *Nﬁ*bﬂv

subtirastiag ¥y fros y+ Oy, we odisin

& - uhb:bé.. K\uu

Wext we aivide Ay ®y O xj the quotrfens,

Dm - KQ@»&:NE

ax
ts the sverage rate of ehange of ¥ with resgeet %o
x 1" tho lnterval fron X to x4Ax. Tinally, pess~

tn: tp dhe 1init ws A X approsekos aero, we odteln

tha darivetive of y wlth ranpact to X1
Thie result royresonts tha rats of vhanra of ¥y with
raspest to 1 at the «a...-a::w of thr inmtorval.

Thle i8aa ol the darlvative =ny Le raypTe

ad noeuo:._o-u:.@%*’uv

Let the curve reireseat the sraph ¥ £i{x).

tettlag x aad X & X be the iaitiel and flaal va-

Jues of tie independent variable, tate twc poistr




©7 the eurve corroapordiag to these vYalues, vliz,
P (x,y) snd Q (v ax, yr byl

RY/FL 1s tha slops of tho secant line throuph
£ and Qg dut sinee (as 1s evident) O x=Pr end
Dy = B3, Shen

.W.W = sleye of secant line Shrouxh P{x,y) wnd
q{s+Aax, yTAy)

If @ moves along tha ourve through sueh posi-
tions as Q*, the sseant line then rotates adout P,
fts slops always being glven by »W ¢« AN Q ap~
pronohsa P, $ha position of the necant ajyroashes
that of tha lino PT, tha tanient to the curve at P.

Thorofors the alope of the seocant npprusches tho

Blops of the tan~ont as u linit. MNo¥, unr Q approe~-

ehou P, X mpproachen nern, thareforo

Czbuwnnuo?ioasaue.:.Z-.i.
x—ychx
Thernfore, wo pay say tlal the derivative of o fune-
i< QA\?P
tiva f{x}, for a civon valua of x, in 6qhal tc the
sloye of tne gurva y = f{x} at the puint laving as
abscissa the given value ¢f Xe
Aa regards tha derivative 4y

dx® M Rey Bay that

dx = Ax, i{4.e. the differential of the fndependent

vnriadle {8 the snns ao :n. {nereneat,. llowever, ay is

not ejusl %0 A y but to .M.m x, 1. ®. the differsntisml

of the funotion y =

by the &iffereuntial of the tndepandant verieble x.

= f{x) 1o 1ts derivative nultiplied

A TN S R el A

ST
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yinally, and ju a few lonn‘u. an arss or aay
guantity whieoh nsy be interproted as aa ares, 1
readily expresssi ss the 1init of s suw, The ares,
for example, under a continusus surva belween two
fixed ordisates may be approxinated to any desired
dezree ©of mcauracy by surning the areas of a suf-

fleiently large nunber, 'l , of restangular ele-

nente, elither {nseribed or nwnansnaq:&« and
the sxaet ares under the curve 1s tie 1inits of

this sux as N decozes 1nfiaite. {“wo rige.9

ard 10).
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Analysis of ths ldeas Underlyiag the Kethod of Liujts

The folloaning enelysis of the notfaan of linit
would not futerest the mathematisiam, U5th respeet
to the subjeet of this analysis, the aathematiciua
takes an sntirely pragnatis attitude. The mathema-
tieal theory of linits works. This 1s an Sueoales-

table fect, like 4lgestion. DBul even thougkh sll
T AT 1X

e A ]

g1gention were good, er brd 41zeitlon frrenadiabdle,
non¢ people would 2111} live to Lrnow xhy 1t i thet
1t ¢ap work. Thal te one of tic cifferonces between

wan
—:.-:% ik @ =l va»ru ifre » torse. Llet wr thes

OF LYRITG

ANNLYS1S 0¥ THE IDKAS WADERLYING “THE RETH0D

A RN LA T e o e S R

floro 7.

stey »uww.. 1ato 1he ..:,::N,.Ju. af

renlt with \ristctle’s

mwan
lyals of moven@it. How could a ca. render so

nescartes fournd %nup

w

obaoura what was apparendly 5o sinplot Indeed the

YTy

ainglicity is gerkeps only rvﬁanauw. s Professor

LN ¥ a4

kulrkead safd: “....I%t Ray be well toO ranint (tte

nathenetlielass)} fron the side of yhlloso, Wy that
here, as clsewhers, a%?no:» ::ﬂ.-n—n\ ray coneeal
a eonplexlity whieh it 1s thp tualnees of founebdbedy,

whether pkilosopher or nathematiclia ...
10

. Y0

unrevel® Esjeclally su whap history alows tlhet
Anthenatieianx tave soncocted sona extronely focllish
notions 01 the Nature of the infinitexinasl, notions

which algRkt have baen avoldeld Lnd the nathenatisinze




LI T
A (A

shown nors regard for nosenathenatieal asalysis, or,

we shonld add, hat txe philoaephers thensaives 8hewh

nore sruly philaloph!cnl tntereat in Skat rind of

analysis. An A« %o Taylor has well yu$ 1%

“Barkeley and otherf... sondenned the

caleulus for omploying tte 30ticn of ‘veanizh-
ing' nagnitudes. they wers quitse right in
saying that the theory of he Caleulus, as
foraulated by 1tn azponents, inepodused va=
n{shing tugnisudes whieh are srested as snoune-
things which Aarse turning into nothiangs, and
that to talk of suoh Bathingesonethings is Vo
$alk nonsense. Dut the eritieisn reslly hit
not the Osleulus itself bus only the inasen~
rate anslystis 1\. exponents had glven of their
own aothodl." N

" !hcll use the nost elementary nathenatiesl
exanples. As we shall ses {n a later ehapior, the
analysis itself will apply to soa~nathenatieal eati-

ties am welles JFor the presens it would be aw well

aot t- think of ihe instoer.

1o lLinis tan rolative tora. Hothing ie 1inls 4&n
Lteslf of with respeet 1o ifgelf. Limit 1s the li=
nit of sonsthing. Thw vary notion of 1init inplies
two dintingt torma, one of whieh {8 o« variable aad
tho other & copetans. Tha conetant lo She 1imis to
whiah Ahe varialle {a ovéorad by the nuenol-i;. and
gyainterruptad nl:unrtion of values, 1:‘\h. direasion
af the ocoastent,

Mot all noveasnt Iroa ane topn to another is &
tendengy towapd a linit wn we fare uwadarstand linit,

In t\he rirsty plaase, the two terms nust be formally,
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spesifiselly dtatined: shey must differ by defiai-
o-o.u. sush as pelygen and cirsle. The tendsney So-
ward the 1init xusd be a tendency toward the differ~
ence mn suche A 1ixi$ which san astually be reashed
would bs, in that resyast, of the order of tho vari-
able ard henes hozogensous with any possible value
of the variable.

By thie §t 1x slear thut the notfon of linis
a» %oro ta¥es 1s u teshnicol one, not to be confu-
888 witk the common notlon of tinft which msy bo de-
finad ay the ultinute value of ¢ varladle bhonoge-
peous with cavx one of the preccilary vnlues. Thin
does ol noan, hovovar, that »@ rule cut the acnnon
notjoxn af linit. On tha contrary, we act only sup-
puse it nx n prersjuisite, bLut, mu wo shall whow,
we aotuslly use it in the toaBenoy toward u lixit
{2 the technioal menwe, for it iz purt of the very

notfon ot tha Yfuit taken iun tho technisal s

e,
{rron now on wa shall underntand the sinsle word

"linjt* ps& reforrinz to the teohanical sanss} if we
¥ish tO spsak of the oconmon aotion, we shall indi-

¢ats Lhnt explioitly). Ja faok, his ia necesmary,

h ¢0
for 3f wo 414 not, P.WW.B:MH:M..NW.. ooanlder lixit
Lo ma

28 hono{fonvaus with ths values cof the rariwble, the

f:.::% t0 1imit woyld ba ueanifhigless, TV night be

8418, In aAdther racjact, that limit s ponaidle

ne -
only shara theoro §% n- 1imit {1.0. i the connon or

nep-seshuieal seise}. Agein we night zay thzt ia

tonding tovard linit we tend $0 1dexniify 1% wisr a

soanon 1imis, so thut, 1f 1init eould astuelly be

reached it would ds fdectical with o esnmexn lixis,

The Yorisble Crdsred %o the 1init

2. Let us nov goisicer nore slossly tre ovdsred

tern or varfsdlas. Auy veriadle inplies botk waity

aad multirlioity, ldentity a<Z otharness, fora swl

xntter,

The unity of a varlsblie Ya eX;ramuel by ita

dofialition; th@ multirlieltiy, by the differeat va-

lues It nuy assuss. The 1de3tity of the variedle

i 7 AP @ e

neans shat its dafialtilon s 1dentical fer any one

of 113 valuesj] by itz otherness, wvo nsan tho 41~

veraily contajined wmithia the varlable on the jard

of 1ts walues, and 20t Ite otbermess witk resjest

to sona other teran. By the fora of a variable we 3

nenn that which 15 expressed by the definitlon and

predisatla 0f shyone of its valuss, and vot tre

forn whiat ir part of the definition itself. 1ike~

wine, by the watter of a verjedle we do0 mot mean
mafier
the netter wilah 13 yars of the dsfi-stion, sued oy

Zenus, but the values of whieh the definitioa =ay e

predlested, such ar for polygon: trisnile, bdexazoc,

ete., which wo zﬁ\ e2ll tho cias§ »f polyzon. ba

vcwuﬁm-u 16 Ip the class Wawq....au %scause wo Lay Aj-

Ply %o 1t the daflattion’of polygoa. The formef




polycon im fnvarfablej the varianbility of polygoen

it on the pard of thsd of whieh polygonr nay be pre=-

dicatod, tint Ir ox the jart of 1%s nattor., WNencs,

in Shis raeapest, the differozess of jolygoa era due

to the audb jeot.

b1 llence, th: notion of varinV¥iQ as we here take

1t snbracos both the “"netadhysical wiele*,(such as

St

Roaus and 4ifferesee) and the "logisal whole~, that
1s tha subjJaotivs jparts of whloh the dofinition nray
ba predicasad} the two whaleo buing reslated as forn
nod rptter. ¥e nake this point because thers is
anothar raspact in whieh voriable nay bs eonsiderecd
a7 a muettar detorminablo by dirrareat Yaluow, Just
03 gonuo 3¢ Ceterminsd by u 21ffare-oe. Conaider,
.Won Du:)ch. trigngo, in rel&tion Wo ...zcr yolyzon

watrer
'6 ap the rotier, ond thrao ctrelsht nfdos the A3f-

hecomen

fereron; yet, trinzgle {0 turn Yacosss attor in
viow of wmonﬂ_»mhm:. aic.., «&Q vo tra inferomted in
the Sivet Poiut of viow which 1o lo-lgal, ohall be
eleer fron c_...\.r.._..m fellnwen,

B. Mo bave enllud the zmttar of a1 variable the
olasz of tho warfabdle. Fuw thors 1s a respoet in
»lich 81l elassas aro awouanmn ttoy are restrtetsd
$0 tha annbers whioh kavoe ths sane definition, In
this rospect, the elngs of intogers or the olams of

Folydono ix olasad. This liaitntion follows fron

the 1dontity or the 6efinition of anay nanber of the

oluea, whinh opposcs tha claru to ey othor olnss.

Thus, evez if thers were a ¢

ss eonpriejnz as astu~

ally iafizite multitude of ~enbers, it would s%ii)

be fiajte in the reapeet under conniderstioen,

That linitasion of a elass which 1 due 80 tha
1@eatity of its fores does not inply a linigtatisa en
the part of the nultitude or viriety of its rexders,

Th~ elssn ecastituted by the proxinate m;eefas of

triangle, thxt 123 equilatsral, {e

esles o« pealene,

10 w cloasd or fiite clane with respset both te the

fora and Sc the wnlter. The olasi of lsosesles,

howevar, or thn clnes «f sgalgan triungles fis ejeng

Lthieir j;ossible vuriotios arc indefiatte withia the

Yimits ostablished By tha Jefiaition. \Me nay there- k

(ApNY
forc =ny of an open clara prn+ 1t cuo actually

coptgliaz all i1te membera.

Ao 44 \

[/
This vu.on:...Y of wn c\p..ﬁ clnpa ~ay ‘nee1 @U¥- |

s‘@s\é.@,\,, :
tradiotory, slaees “all tis :cubors of a class® reans

*211 tho nemberz scntainod within She elass*. ¥Hox~- m

evey thls gontradietion apresrs a7/.\ wran ws Over-

look the term “astually™. An Oopen class oo talas

all $ts uwenders -poteatislly”, that s, thers 1s mo
ead tc the multitude or the variesly of members 1t

oan contaln, Vs nay trerefore dafine an cpev elaes

aa m glass “gujus est menjer aligquid exwvra~. An

open olasr m=ay then Ve 0alisd an {1Tinlte ¢

mn:.lunw we take the term farintte for “oujue wst

sapper aliqald extra®. Tor, if there wore & clesa

with en setunily tnfinite multitude of ms-bers, It
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would be n 0losed olass, to which we oould apply tie
deffnition of a fsrfect wholes *oxtra guod nihil ess?
It e importaat to briang out thie distinetion

Lotsogn the rogpett ia which overy clarz in a perfeot
x_.owa. ..\_ﬁrw:vn:,sﬁnu acaa m»»u:-n-o: uon-:ﬁ

inzerfeost &wow:u. If wo 444 not na¥e this Afs

etion,
we night refoxr tha “opsanosn® of & olaga noraly to our
inebility to rench tie olass 1n 1ta perfect totality.
In otler words, we night suprose that an open olmwsa is
fundansntally a olosed elanr, that is, thet Iin ftself
it has an notuaily infinite nulsitude of menbere,

Lut that we, for noue ramegod or otvher, ecannod antusle
1y rasch the metunlly infinite nultitude, This, as

we shall later shos, would deastroy the =athod of )i~
mitn et ite vory roct,

?%}.m,f

4. 7% olurs

ynriudble ordored 10 a lintt
suat be mdc 02 A:. i .»i.

clage (wp nhekl -.x\”\q&
e B T T g

Tour ~ jotentinl {1 finfte). If
thQ nlane wora av,..o. 1th 1fxgt ..S.K_\v&nswa;.:on.

Vil
viriable f2pliod ~_ tie nBtlcem OF limiv. But infini-

1imit MInhoTO ;_VNFS%?; 'y asasitlnl tc the
ty 18 not the uitlnate proporuy required of the wa-
riable ordureld to a limft.

¥8 hava already stntlad thnt the wvuluer aof ttrae
varieble nuat bu ordarsd 2o the 1lixit, aa 14 tho se~
ries 3, 1}, 13,.....2, Tho order In vimie of whieh

the variable is ordered, 1o ow the jart of the va-

lues, not on the rars of the definjtien 1teelf, ox-

cept, as we all wee later, by eonseque

9 Fow

thore are twc kinds of oider: acefdental ordsr, and
forc:l or “per oe™ order. The aoréer of fadivituels
of thn 7ara s.coles, congldered in thelr jure vv..uu:.oi-

Jenelity, (s -eroly accidental,

tme I, N, 2, 2,0
Dut e order ai0as variouz spasies e esrentinl, for
Shey Aiffer foraally, suoh as }, 8, Jgees .uu Tre
velues uf %he variable orders! tc a 1irty uuet eoc-
stitute a foraal o wdor.

Xe nay now state nore elesrl,

at Lke forpal
vartability of vie veriadle wtgeh ia on tte pert of
the natter, 1s due t. 158 roxinate Torns of the nate
ter, as distiuzuladed froa the forn of the varfadie
Wit respeet to whial the proximate forms até thelr
1a3tler are as notter. Henee, when we say that tke
foroal differenass of gfclygor are due, not to tra
feor: jolyion, dut t- t'a 1atlor, we refer tu the
for:mm ac§2' are 0> t%¢ part cf tha matter, azl aot
to tiat natter wnieh tr the jroXi-ale sudjeot of

L eno foras. Yurtleraare, *hiz nmmtter eocull ae-
cnung o:T\ fer rcio%ou;o:m otharnars on the w-_.n

o:m.h\ Aktier uf wra 4?1.-T~0. Thur, the differ-
man and brate denl et conl Ao o -

ence Lotween a. av’ Lrule “ces 3n: 0901w Cro ail-

ool pat frame that of which auieal g wl._.??a_

i, Yut fred t At e et3al satan, 1y credfzst.
dal araned

Loo. fro® 1030 with respact tu ehteh arted 13
fora. We ahsll show luter why we cotfine OJurasel-

ves td thix vcwpozw point of vlew,




Triangle iz a variable whose proxinateu matter

is oguilateral, isosesles and seslene., Thc order

uf these spscies is formal. DBut §t does not siees

thio requirennate of s varinble ordered tn a linit,

Tie order of this variable nust have fnfinityy it
nunt be both: formnl eid open, as Lhe sorfes 1, 1,

13,...0

T'o L.ini% of tha Vuriablae

3. an zuma?,n tke 1init,er fixel torm or conatan-,
nuolt hea alroafy boem sald or 1t Ly 1njlicavion, Xe
may pow ®tato nora exPlicitoly that the 1lirlt may
Y ao%au to tiw 4920%16 T LWQ sawa. sltlhor to

he arieBle, 6+ to fta ppilinr, VoL
RN AP vt %&%m
Yy he-

4
first roafost, varinhlec = 1.1t errs sbaclute

+o\co%u\..5 una; I(.\

teno Loy 44fCar 5\ &efjnirtioa, n1 “enve
ke ra hurelyf e sTac kY irreducivie, Therefors,

0% variavie caz have n 2imlt Ly virtuc of 1ty form

the u%au.\.)eh.

ar ruoh,

From thic we wny tmssodiately conolude thnt {f
8 voriublo oculd netuslly roueh fte 1imit, the forn

of tin varjabtle and the forn of the linit ..:E_n ba

toth fornally 4iffevreont wr.t.w(?_u nlly ideatical as to
thelr proper daftnition, Aq_:? fo a coutrodietion,
lowovar, when ¥e campare o 1init with the
’
mtinr <f .lé\qg._r—u*m\. N0 AACOUNIEr 0 unity entire-

compatison aty
1y forel B‘T‘n} rar co fariroa, Par, snayl aue-
vl %y 5:.;uw jvy
. v

onedl i wuyoa Ny varinlle Ju lers different frowm

the 1iuit tisn anr ;resali>r value, Yexsgen lo ele-

ser to eirele then triaicle, 4s the seriss zoos oe,

the dirffore-ce dea

secx. >xb sin¢s the werjes is

a2seatiully cpen, there 1s no ilult tc the deer

of 4ifferarae. This sopcarabilfiny tr ther fore
bouad tt t:e "xnore” aunl tha “less® oz the wa.... of

tho mattor of t:e variedle, mnac

oY are a frojertr

of L%« foraal crder,

,i,;;M .

6. "lore™ ard “lees” sre relative terss, Yoilk-

fng i abzolutely s0. Yor e ;ample, wilh respest %o

their aides, hexezan 2 n zroater ;olygoa tian tri-

azle,

a5d zarller thas duodoonsoa, Mowever, and

thir [S ¢to v:..s% Cut thke Le0uldr couparedility we
P

arc Y..:,e #pcariing of, 1 % can 2a) that one poly:ion

in grectnr than the ptiar, ‘enxlr~ et It Nas more

2
nides than the other, aa 0apao’ WJM

st 00 poly-

%os zay Ua More poiyzon Ehan the Okbrer: for, tuls
< rnldn - ?Mv
- .“,W\ ser nﬂ*”.ﬁw\ ....(.uf.. .f...u. fn41 In eonunon, ?.—‘._;4

AY
which 1= 1deatical, ¢ dirrarapd. 20w any Lhet
»ra\ are more or lesec swch or such, Tt 1g with rea-
peet to 327 focm pther then thetr peortmste form,
that 35 with ros;cet to $omo furm Other than fhe

rroper forn of the terme sv-,arad, a- other than .

their commMA forwd- therafore, with res;sct Lo »0fie
other fcrn whiecj aaniot be &—Snno—\ pre texted of

them. Mo polycon hee the form of ctrcle, nelther

a3 2rojpel nor ws conmop. Hut we Jdo -Y »»b# Qne

polygon 1o “morge llke* = cirole, or clcser to it,

thap some other.,



w.v.-« ¥e hnve 0o far otuted i by no

por to the mnttor of thr vuriulle ordered to a limit.
%e ity mpy that Liposocoles triensle fu Aors 1ike equi-
Interel tinnh {n sonlene, Jlare the groater likenems
iv oald x{th respact b anotier spscies of ttiangle,
W pjecliec ¥itkiu tha #u e sories., MNHoxazon le aore
1ike ¢10du0a ;00 thur ¢s triangle, und eush a conpa~-
rizen say ;0 on indafinitaly without roference %o

apything cutnldeo t.o soriew. The Tirst prineiple

of tte ordovr lies dofinitely within the series xhose
promimate ¢onnoda ,redleatls s iceatiosl.

“T10 nore xat the lemn” ahareaoteristic of the
ynriatle ordornd tuv a linit jervades the whole se~
ries withiy the Iinits of the proxinute evnnon form
pf the nenbers,with respadt to s forn =uiet liss
beyoid te nerfes mid w'ish in tho rirst rrineiple
of thiz peeulinr conjurability. Girole is thre
yrinciple of the cidar of the variable paly.son to

1t 1imit. QRnt Lo whieh g :.»SN i prisrud in the

prifnciple of the order. An? thlsz should notod,
for, 33.@:\% v.ﬁ_ns%_.; for exnppls, ir the nrines-
ple of tha cerleg of ?..L\%:’n.. 1t f¢ osu\c MRt arinl-
ly 50 with roapoct todhe Cifkls norien 45 orderea
L0 Citelo, & e@riea of which :.»::%yw: tiseif s oY
part. mwops. 1L 1= beequge thecircle gerisa 1s aa-

- o3 that we .i% wn\ ot 1R vartnrie S srinrod
1o t/m\ :J:.

Y. Another polat to ke oxpLlivitel; stated §s
SBat Shere 1o %o 1inlt %o the greater liveness t-
which 3Le variadble Bay sppressh, Thwe, 17 we take
Sone elesed serfes, eloased wither esnontinlly (swer
a8 the series of tky, troxinates sjesies of Sriangle)

Ur €losed by ohofae {mueh as 1t

series of polygens
fron triansle t . duodece on{, thax, sone detersisate
neabar of tho sariss is the clcsasy sossille, or the
nost like tue tearu t¢ which 34 is motd t¢ %e “*nore

11ke". The “aore 1ike~ In then tre *aust 11ke*, the
“noct live- v:s% vt rXteh sfifronehen ost te 18,
knaes: pure aSL ¢inple. O« the rontrary, the -mont
1lke® of an QV\.‘/ serler Oﬂmannw 2 » Limtt would de
nbsolutel; 1tke to the ltmit, -A.;_A Yo 14, ur téeu-
tleal with 1t. The polyson woz: Lfre 10 the clrels
would be a cirele; the wac.«.u. of 1 & ,W ’.r_*... o8t 1ike
%o B would be . TAe olrcle would be fdentiosl LT3N
the pgreatest posasibdle polygoa, and £ fdwntieel witt

the greates. ,oanible =un of ) § L s

.o
Thir in ture brinks out the inportarce of fa-
fintty 1a the notlor of 18-it. It pow revatinxr to
show Shat thiw Infinity f{e monu, I ess without nove-
meut, 80 thnt movement 1 omsential to the notion of
Tt ...o;?_% 13 11mit b wit) respact to some

354.?..6\74.

tevate

N N R




Xhe Jendaney toward the Lingt

8. ¥o ouxnnot emy that olirele 1s the limit of re-
gular polyzon absolutely. HNor eap we ssy that 1t
is the 1linit «f eny given polygon, no ratter how
graal, or of eany gilven serisr of polygons, no mat-
ter low great the given series mey ba, If thare
veare a grentest possidble polygon, oirels would in
ho nenss he the 18nit o«f polyson. That is why we
sny that “olrecle §a the 1init of a regular inmeri-
Yo polydoa whoso nidos {a0raase in nusmbar.~ The
vorh *iheroana™ which appears Lp the d affanitfion
“nuet be tekea §n ftn drpunin mﬂﬂnﬁ. IV 1o with
respret tc the %&.?L:% oorian thut n Jimit fw Pro-
Perly Limit, ond net with ronpest to usome resmlt
e the ugz:“. 12 !¢ ualy With verpect 0 tho oo~
rios na 304—;% toxure tha 1imit that the 1imit §a
progerly li:nfit, \&_ variable hunm a 1Imit heoauno
ol noac yolue mhich 5 very clouno or closast to n
linit, bul decause of the ponsibllity of aa ovar
olcser vsluo. <“Rvar closar® has a dynsrie 9.:..:_%.

Yiow, whapn wa aprak of the “pomoibility of an
#vor closer vajue~, it should Le undsrstved sthat
the very fOB31b311ty in question $s deflined by the

Teaver olenar~, thant i ..\ 2 flueat aot, and a0t by

sune fixed turm of the mpvarent. Thin .bo-.;:unu}

tr a0t dafiamd by thar which §s norel set, Yut re-
s in
ther by thet mhich i¢ Ha get QN thnt which 13 1a

Potency ag such. 1t is the poocibiisny o%%u..:sn

evYer sloser to tte ters, asd not of actually reaekh-

ing 1t.
¥e muot bo enroful, hossver, a0t tc soxatder

the w6t of tle novenart 1t801f ae theterm of the

moveaeat, T

8 would be contrelletor;, ror the 11~

"It £» the tars of the novemes i snd not the nove-

uent ftself. All rnovenent $s toward sonetriag otrer
thea Jtaell, Just ne any relatien 1s “esse ad-, Lad
Just as sone rolationz are by nature sueh tlat they
ea2R0t “bo in* tiat “towa:rd®~ whigh they are, so some
movaraat oannol actunlly reaeh the tearn “towardy
which 1t tr smovinape. {xe she1}! annlyse tuis point in
the followAn- alrptor, azd abide hare by tha nere
indicotton uof the cictinction.y.

The aot (.rmnr .t:m movomcht ean ronch is an aet
which 1 %mb%:ﬂﬂ.nrny xoms othar, tu that towsped
shioh t+he \U«m-:aea_! 15 teniter, bk the 2tmy e never
the 1imil or any Such aet, bur of dhe .%..n.,;% clusere,
This the Lintt 19 the Tors of the aot riich 1e %o_.:\“
closer=, az Swer. hut ths met which s Jorting cleser
13 the act of 1he movnmenat gasirf. Yharature the 11-
Mt 1 the torm pf tho novenent “qua an:;:% elorer~,
in sueh & manner that ¢# the “gottiag nloser: oe el
1t would no lonzer Ve the teru} wherear, the Lurm of
mavenent 11 tha ordfiner; -.:ra cuzxtl do Cefined by thae
Posnlbidity of wetunlly n...uaw.n:%\ 1t, whethes 1t 1\s
reactod or aot,

The vurtadin 18 orderod to a 11n1: oniy 1n so

far an 1% g 2@.«;9.:\ 35:-.50»25%. legs and less op-




