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PROPOSITIONE

1. Inductio reduocitur ad formam ayllogiami,
i . 24 _Casus._et fortuna non definiri possunt _sine causa formali., — - - _

3. Sensibile externum recte dividitur in commune, proprium
ot per accidens. ’ '

4. Triplex datur prircipatus oeconomiocus: déipoticun.

politicus et regalis.

5. Mathematious procedit dimoiplinabiliter.
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THE PROHLEM OF THE CONTINUOUS AND THE DISCRETE

Chapter 1

The quest for ”mathcm:tioallligor' leads us t what
Mr. A. Fraenkel oalls the "central problo?n ei;'éha foundation
of mathematios". (1) He states the problem as follows:
Comment peut-on passer du domaine disoret des nénbrou
__au oontinu, et os'a de ia fagon la plus comstructive

ossible, bion que la représentation d'un domaine gur
E'autra 8o noit avérée positivement impossible? (2)

In the pafngrlph following this he gives the point of view to
be taken in the discuseion; ‘

L'atime entre le domaine des nombres et le con-
tinu n'eat pas, 11 est vrai, le seul qui doive nous
ocouper; 11 est devands par l'abiime entre le fini et
1'infini dénomdbrable, et, d'autre part, il y a des
atimes analogues aussi au deld du continu. Et pourtant,
notre probldme sst unique én son genre. Car lo passage
du fini & 1'infini disoret, et, aveo cela, lo probléme
du transfini en pénéral, peut $tre plus fondamental du
point de wvue philoaophique; pour le mathématiclen, oce
n'sst pas un probléme mais ureoonditio sine qua non de
son activité., C'est avec juste raison qu'un chercheur
aussi finitiste que Yoyl l'a affirmé: les math&matiques
sont la solence de 1'infini, D'un autre Bté, les abtimes
au deld du continu ne présentent qu'un faible intérét, du
moins pour le présent. Jeter un pont sur 1'abime entre
1'infini dénombrable et le continu, voila ce que l'on
doit faire si 1l'on veut quo les mathématiques ne se
séparent pas en deux “math&matiques" presque independentes,

Whether the "infinite" found in numbers is "real”, "idesl",

"potential” or “actual™ makes very lbttle difference, apparently. €3)

Hiving stated the opposing conceptions of some modern mathema~
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ticians (4) on the nature of mathematical entities, he says:

esepour tous oes points de vue un mame ub’i\me, sur
lequel i1 semble impossible de Jeter un pont, sépare
le carmotére disoret, quaditatif, individuellement
différent de 1'arithmétique (monde des ncmbres), du
domd#ne continu, quantitatif, homogdne de la géométrie
(monde de la mesure).

Why 1t is impossible to have two independent sciences of
-mathematios, or why it is necessary to bridge the-abyss between— - -
the numerable infinite and the continuum, is nowhere clearly
lﬁtod. Moreover, from ths terms in which it is stated and
from some of his remarks, it is difficult to see whether it
is the mathematiocian, the philosopher or the logician who is
faoced with this problbm. In the berinning of the url;iclo he
says:

seela relation entre oontinu st discontinu en elle-méme - -

merite d'étre traitée toujours de nouveau; elle peut,

certes, Stre considéree oomme le probldme le plus profond

ot le plus difficile de la construction logique de mathé-

matiques; probléme qui a resisté & plus de deux mille ans

d'efforts des philosophes ot des mathématiciens, de Xénon
d'Elée & Poincars, Hilbert et Herbrand. (5) :

Mr..E.T.Boil, in a recent work, refers to thes question in

terms which at firet sight seem to male it oclesur timt the

solution must be the work of they mathematician. He saye:

Counting by the natural numbers 1,2,3,... introduced
mathematiocians to the concept of disoreteness. The in-
vention of irrational mumbers, such as V2. 7S, ')’33 attempts
to compute plane areas bounded by ourves or by incommensur-
able straight lines; the like for surfaces and volumes; also
a long struggle to give a colerent account of motion,
growth, and other sensually ocontinuous change, foroed math-
enatioians te invent the conocert of continuity.
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The whole of mathematioal history may be interpre-
ted as a battls for supremacy between these two concepts.
This confliot may be but an echo of the older strife so
prominent in early Greok philosophy, the struggle of the
One to subdue the Many. But the igage of a battle is not
wholly appropriate, in mathe:atios at least, as the ocon-
tinuous and the disorete have frequently helped one another
to progreas. (&)

But this again is ekbiguous, Why should a mathematiolan

qua mathematician be conocerned with oconcepts? Also, the faot

that the continuous and the discrete have an oprosition which
is in certain respects like that oli‘ the One and the Many seems
to indicate that there is here a metaphysical b.problo'm.

The same confusion is apparent wken kr, C. Boyer discusses
these notions. He points out first tmt the disoovery of the
caloulus l

had its crigin in the logiocal difficulties sncountered

bty the anolent Greek mathematiocians in their attempt to

express their intuitive ideas on the ratios or propore

tionalities of lines, which they vaguely ‘recogniszed as

continucus, in terms of numbers, which they regarded
as disorete. (7) : ‘

Later, when he discusses attempts to give a rigorous founda-

tion to the notions of the caloulus, he says that some math-

eraticians and philosophers raised objectiona and urguﬁonts

which
were in the last analysis equivalent to those whioh Zeno
had raised well over two thousand Years previously and
wore based on questions of infinity and ocontinuity. (8)
lie then gooc on to say that because of thess objections

mathematiolans were led to examine the foundations of mathe-

matics, and the rest of the text shows scme of the attempts

v
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to give a "rigomﬁa formulation" of the concepts of the
oaloulus,

This gonoral failure to .obnnoot the problem to some
one diaoip_lino is in a way the result of ‘.-‘.;o natu.ro of the
#¥m question, as we shall see later. vFo'r.the present it is

sufficiont to note the confusion in the various stateménts of

1%, “Also, 1t should be noted, mathematioal "rigor" in some
way involves "throwing a bridge over the abyas between the:
mumerable infinite and the continuum. (9)

At first glance, it seems strange to 8ee 80 many of

the mathematicians worldng on a question which s admittedly

philosophic in at least some of its aspeots. (10) vhat 1s
even more strange is the almost universal skepticism concern-

ing any poui&lo resclution of the problem. Fraenkel, in his

urtiole, hopes for at least

la comprehension mutuelle entre les differentes oon-
ceptions. (11)

Khile Pierpont snys:
Personally we do not believe that absolute rigor will

ever be attained md if a time arrives when this is

thought o be the ocase, it will be & sign that the race

of mathematicians has declined. (12)
This same attitude of |kopti.oilm runs like a theme through .

the whole of Mr, Bnll's Develorment of Mathematios.

Certainly the confusion shown in the statements of the

pProblem i1s to a large exfont responsible for this paradoxiocal




situation. The blame for the oconfusion oan, we think, be
laid at the door of modern epistemologiocal theories whioh
have io mistaken this problem as to subordinate all others
to it. But we cam go baock still further, The limited
charaoter of modern philosophd cal writing oan he attributed
to the hiltqrioilt ohi canery practioced today, often by well-
~ intentioned “Individuals who ‘simply lack the perspective to
aprreciate anything more fhah a oontury or two befrre their-
own period, |
This last remark may siem odd, oapooiallyvin view of the
faot thut today thero:is a preater interest in hiafory and
hi-forioal research than at any other time., But it ig pre-
oiiwly this sreat interest in historiocal fact to the exolu-
sion of historical ideas which 18 to be condemned., The sels-
confindent attack on the thought of their predecessors by men
amed only with the instrugients of historical oriticiem, lan-
(vages, etc., has 1s§1atod modofn phi}oaophioal thinking . from

its sources. There is today a wide-aspreed failure to oompre-

hend Greek thought, not only in suoh attempts as the recent.

work of Mr. Bertrand Russell, but even in the muoh more care-
-fuily considerad writings of such men az Cajori, D.E.tmith,
lleath and others.
It i3 not our task here to aknmino in detail thess err-

ors and their reasons. (13) It will be sufficient if we ex-
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question of the oontinuoué and the discrete to find their
lowing this, we shall try to show how the fatlure to consider

statement of the problem and the solutions offered, Fol-
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these solutions leads directly to the modern confusion.
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Chapter II

M_r. Fraenkel aaidl in his artiocle that 1‘:ho problem goes
baok to Zeno the Eleatic. Let us then consider, for a mom-
ent, what Zeno was talking about. (1) The most important
evidence about the nature and purpose of Zeno's discussion
is found in Phtb'n I;amenidea, 127-8. Here Zeno himself is

shown ag stating that his arguments are for the purpose of

-.=protecting: tle-argumants of Parmenides ‘proving that only the

One exists. Lhus he ia'arguing to show that Parmenides is
not wrong for the reasons given by the udvq,r‘uriu. In other
.vvords; he is showing that the arguments bx:c;ught against the
ciootrine of Parmenides involve contradiotions,

‘The general form of Zeno's argunent‘ can be atated as
follows: You maintain that the One, which ie continuous, is
divisible; and more than that, that it is c?ivided and thus
reality is plural. Then, let us suppose that t.e division
has taken plaoce. (You rust adinit this since you hold that
things are plural.; Now, one of twol positions is possible.
Either you will have certain ultimate magnitudes whioh are in-

divisible and infinite in number; or your division leaves no-

thing at all, But elther of these alternatives is absurd,

In the first, a finite and divisible thing will be composed:

of that which is infinite and indivisible; while in the sooond,
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your plurnlity w@ll be compsed of nothing.

The arguments of Zeno were answered by Aristotle. But
before poing on to thdse, let us noﬁb‘oarefully th§ dialect-
ical natur§ of the above argument, Zeno is not conosrued to
prove that Parmenides is right. He only prdvoa that the
argument of the opponent is not a good ‘rgumemt. Thug, such
dialectio establishes a position negativoly. The dofcnder of

poaifion, in thiu case Zono, eiozeu upon oo;;;in ambiguities
in the objection and thus destroys the objection., With this
in mind, & careful reader will be able to see that sll the argu-
ments of Zeno exploit the same amblguities,
When io exumine fho position into which the opronent was
led by Zeno, we see that there are‘£hree notions wiioh oould
be the cause of the aﬁbiguity; the first ia that the One is

oontinuous; the second, that the continuous is diviaiblo; and

the thtrd that it is actually divided. Let us now examine

Ariltotlo'l ideas on theao notiom which some hnve oriticized

as "vagua" and othors huve olaimod were "invented". (2)

Aristotle's definitions and argumonts are Hund in the

Fhysics., We shall boginrwith~the~definitionslfound”iﬁ'bhaptef

3 of book V, where ho says;

Next let us dcfino the terms "together” , "apart”,
"in oontaot" "between", "in suoceasion™, "contiguous™,
and oontinuoul :

Before we go on, it should be pointed out that there is




a8 certain order in the terms to be defined. (3) Thus, he
will first define "together” because it is used in the def-

initioa of "in contact”; and "apart" ia dofined(prior to "in

contact” Wwscause, although it does not enter into the defin-

ition of the latter, it is the oprosite of "together" and

thus ives us a better notion of this latter term. Another

thing to be noted 1s that, although these definitions owour

here in the Physies, it would be a mistake to conclude that
they apply exolusively to the objects treated iy the natural
philoscrher. The fuct that he here uses examples from both
.natural philosophy and mathematios should warn the reader
that he is treating notién- common to both soiences. Those
who would charge Aristotle witih confusiéon should read his
careful distinotions given in other places. (4)

Those things are sald to te togethsr in place

when they are in one place in the primary meening of

the term; but those whioh are in differemt plaoces ave

said to be apart. Those whose e .tremities are toge-
ther are said to be iny ocontact. '

An important point to note in the above definition of
"together" is the term "place", and that tak-n in its pri-
nmary meaning as explained in book IV, (5)

The next notion to bo def.ned is that of "between" which
is used in the definition of "in succession"s

That 1s said to be "between" which a thing being
naturally changed continuously, is innately apt to

reach first, before it reaches thut into whioh it ia
changed lazt. Thus to be "betweer" requiras at least
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three things: for "last" is the comtrary of a

ochange. Moreover, that is moved continuously which
laocks nothing, or at leas: very latitle, on the part
of the thing; but i1t cannot laok anything on the part
of time., For nothing prohitits thers being a defioi-
enicy on the part of the thing as long as there i. no
deficlency on the part of time, but only of the tiing
iz whioh it is moved; as the highest note sounding im-
mediately after the lowest, This is evident both in
those things which are moved ‘locally and in other mo-
tions. : ’ . :
The contirary acocording to place is the most dis-
tant along a straight line. For the minimm distance
is finite: and measure is finite.

Here he first gives the definition, %hen he Oxpiti:nl’\e‘ﬁ.&
that "last” 1s one of the comtraries of a ohange, Thus, in
order to have a "between™ we need the thing which is betveen
and the beginning and the end of the ohange. Next, sinoe he
uses the notion of "continuous change" and has not as yet
defined this, he proceeds to do so. (6) Then'_ha adds an ex-~
rlanation of wlntl he means by "oontru'ry.a.ocording; to place”;
and because hQ uses here the notion of "straight line™, he
gives the reason for this.

Notice that this notion of "RREWREN "betwesn" is defined

differently than the others. It is the ome notion here def-

_ined wiuich does not apply directly to mathematical. things as

well as to physical things. The resson for this is thu. this
ides requires the notlio: of transition, and thus, since motion
is found properly on., in physioal thingz, "between" will apply

only indirectly to thinge which are not physiocal. (7) -
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That is "in succession" which, when i* 15 alone
aftor the begimning either by position or by species
or by something else so detormined, has nothing be-
tweon of the same kind as itself end that to whioh it
is in suocession: for example, a line betwesn lines
acoording ae they are lines; a unit between unitas mo-
oording as they are unite; or a louse betwean houses,

There s nothing to prevent shere bein
wiokher kind hetween: Py vhat whieh

¢ something of

I’

R UNTUTITTIE

L6 Ih oueoondon 60 & parblgulay blifhg, and As womes
thing posteriors for one 44 not in suooession to twy,

nor is the first day of tlemonth in =u

goesnion to the

second: in each the latter is in suncession to the fom-
er. The “oconti_aous" is that whica, when it is in suo-

oesaton, touches.

.- Since every change impliée -opposites,-and oppogi= - - -
tion can by either that of contraries or ocontradictor- '

ies, and since ocontradiotion has no middle, it is olear
that there will be a betwsen in oontraries, :

_ Loreover, the “continuous" is a speoies of the oon-
tiguoue. For I eay thinge are continuous when one tem.
of eaoh of those things whoih touch beocmes identical
and as the name eignifies, is contained: this oanrot be
the case when the extremes touching are two, Such being
the case, 1t is evident that the continuum is found in

those thing from whioh some one tht

brought about through contact.

ng is apt to be
And in the manner in

whioh at some time samething beocomes one contérmnm, so
8150 will the whole be one; for example, either by nail-
ing or by glue or by touoh or by baing borm thus,

Then, laving defined thess terms, he’further olarifies

them by comparing one with the 6thor. ki rat he ompares "in

suocession” and "ir ocontaot®, and loobndly, "in oontaoct™ and

"eontinuous”,

Xoreover, it is olear that

the first of these is

‘that whioch ia "in suosession”., For that whioh ig ®in
ocntact” is necesearily in succesgion, but aot every-
thing that is "in suocession” is in contect. Whence

suoccession ia found in those things whioh are prior by

definition, as in numbers, but in oontac. is Jot,

X STy
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And if there is a continuum, it is ‘necessary
that things be in contaot! but if soaething is in
oontaoct, it does not Bedessarily maks a continuum,
For it is not necessery that their extwemes be cme, if
they are together: but if they are one, it is necessary.
that they are togethar. Thus insertion is the last in
the order of generation: for oontact is necessary if <the
extremities are to be naturally joined; moreover things
that ere in ocontaot are not all naturally joined. But
in those things in which there is no occatact, it is
olear that there is no insertion either,

~-After this Aristotle driws a ‘corollary from what he has said:

ately, as some say, it is not possible for unity and
point to be the same. For in those things having points
we find contaoct; but in units thore is only succession.
And for those things having points there can be a be-
tween; for svery line is between points; but tlds is not
necessarily true for unite; for there is nothing between
duality and unity. ' ‘

Hence if there is unity and point existing separ-"

Later we shall see that this fact, namely that there is

nothing between duslity and unity, has the greatest importance

ir tha solution of the problem orb_the continuous and thq di s~

orete. Failure to accept this simplde faoct causss 153t of the

’

mo’dérn diffioulties. a

The next consideration whioh ia necessary in order to un-
. derstand Aristot.e's refutation of Zeno's arguments is found
Nin book VI, ohapters »1&2 of the Physios. Here he proves that
a) no continuum is ooiposed of 1ndiyilibloa; and b) no oon-
tinuum is indivisible, In order th#t the m&u of the lfgﬁ-.
ments might be more evident vo shall place the text in an out-

line fom, inserting appropriate headinga.
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1. No continuum is composed of indivisibles.,
as Thess first proofs are more conocerned with magnituds.
1) He restates certain definitions:

Now if that whioh is ocontinuous, in oontaot, v1d in
succeasion are as they were defined above (things
being oontinuous whose extremities are one, in con-
tast if their extremities are together, and in wuo-
cession if there is nothing of their own kind be-
tween), it is impossible that somothing that is oon-
tinuous be composed of indivigibles, for example,
that & line be composed of points; if a line is truly
oontinuous, and a point indivisible.

2) He proves the pruposition.
a) He gives two main reasons. »
© " 1a) The first reason hiz two parts,
1b) The cortinuum is not composed of indivisi-
bles either by contaot or by continuatiion,.
Two arpunents: : ' ‘

le) .

For the extremities of two points ean
neithex be one, since there can be no
extremity of an indivisible as distinot
from another purt, nor together, sinoce
there is no extremity of an indivisible
because the extremity is other than
that whixk of whioh it 8 the oxtrami ty.

20) ’ v
Further, if that whioh is ocntinuous
is ocomposed of points, these points
zust be either ocontimious or in con-
taot with onm another: and it ia the
same in all indivisible things. There-
fore, on asoount of the reason glven
above, they will not be continuous.
Noreover, everything that is in
conteot ig scw only if the whole is
in contaot with the whole, or part with
part, or whole with part., But since
indivigibles have no parts, they must
be in oontact with ons another as whole
with whole. 4And if they are in oontaot




with one another as whole with

whole, they will not be ocontinuous:
for that whioch is continuous has one
part different from snother and is di-
vided into such parts diverse and sep-
arated in plaoce. '

2b) The oontinvum is not composed of indivisibles
in sucoession: '

Nor again can a point be in succession to
& point or an instant to an instant ir such
~"a"way the’ length is oamposed of points or
time of instants: for things are in shoces-
sion if thers is nothing between of the same
kinds but there is always a line between:

point; and tinme between inatants.
2a) The seoond masn reason:

Again, if length and time were thus composed

of indivisibles, they ocould be divided into
indivisibles, since each ie divisible into the
parts of which it is oomposed. But no contin-
uous thing is divisible into things without parts,

b) He olears up two doubts in his argunents,
la) That there is a 1line between points and time
between instants: :

Nor oan there be anything of another kind bep
tween polnts or between instants. For if there
wore, it 1g olear that that will be either di-
visible or indivisible: and if it is divisibdble,
1t will be divigible either into indiviaibles
or into things always divisible. But the lat-

- ter 1a what we mean by the continuum,

No ocontinuous thing is M visible into th;ngl:
without parts: : :

Moreover, it is clear that every thing contin-
ueus is divisible into divieibles that are in-
finitely divisible. For if the continuum were
divided into indivisibles, there would be an
indivisible in contaot with an indiviaidble: for
the extremities of continuous things are one
end are in contact. o
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be The following proofs show that what was true of mag-
nitude is also true of motion and time.

1) He states his

intention:

The same reasoning applies to magnitude, to time, and
to motion: either all are corpoged of indivisibles and
divided into indivisibles, or none,

2) He proves the

proposition,

a) As to magnitude and motion.
la) He states the propostion:

This is evident, morsover
For if-
the motion whioh takes place
will te oomposed of correspondingly indivieible:.

, from the following.

maguitude is oomposed of indivisibles,
in that magnitude .

motionsa,

He gives an example:

For oxnniplo, if the magnitude ABD is camposed
of the indivisidbles A, B, C, each correspondé

ing part of the m
divisible. '

3a) He proves the proposition.

1b) He states ce
proof: ‘

le)

otion‘miz of O in ABC is ‘in-

rtain things necessary for tie

If, therefore, wherever there is motion
there must be something that is being-
moved through same part and wherever
thero is something being-moved there is
moon, then being-moved will be oom-
posed of indivisidles. Thus O traverses
A with its motion D, B with 1tas motion
E, and C with its motion Z.

If, therefore, it ia neoessary that
that which i3 moved fram cne place to
axother is not at the same time baing-
moved and at the completion of the mo-
tion by which it moves when it moves
(for example, if somyone is going to
Thebes, it is Impossible that at the

same time he is goint
gone to Thebes):

to Thebes and has
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2b) He proves the proposition:

Therefore, O traverses the partless seo-
tion A in virtue of the presence of the
motion D. Whereby if its arriving at is
after its ooming, the motion will be divi-
sible. For when it was coming it was
neither at rest nor had it passed, but it
was between. Moreover, if at the same

time 1t has oome to where it is coming to,

‘and is ooming to where it is coming to, .
when it is caming there it will have come;
and the completion of the movement is at
the same place as the being-moved, But:
17 something is moved according to the
whole ABC, and the motion by which it is
moved is DEZ; moreover, if nothing is being-
moved through the partless section A, but:
has moved; mo+ion will not be composed of
motions, but of moments.

-Then he shows by three arguments that it

is impossible for motion to bLe composed of
moments: : ’

lo) :
Also something not-moved is moved: for
that not-passing through A has passed
through A. Whereby it will follow that
something which never passed through
has passed through: for that which does
not pess through A has passed through A.

If, therefore, it is necessary that ev-
erything be either at rest or in motion,
and if (the mobile) is at rest threugh
each of the parts A B C; then there is
something continually at rest at the
eame time that it is being moved. For
it was moved through the whole of ABC,
and it was at rest at any part: and

thus at rest through the whela.

And if ﬁhe indivieibles DEZ are motions,
the thing would not be moved by the
motion present but would be at rest.




Moreover, if they are not motions,
motion would not be composed of motions.
b) As to magnitude and time, o
la) The division of time follows the division of
magnitude and e converso.
1b§ He states the proposition:

Similarly to length and motion, it would
be necessary that time be indiviasible and
oomposed of moments existing indivisibly,

?b) Ho)provee the proposition by three reasons:
lo .
For if everything is divisible, and if
a thing with a. constant velooity will
pass through a lesser magnitude in less
time, the time also will be divisible,
Conversely, if the time in which some-.
thing pacses through A is divisible, A
itself will also be divisible. ‘

The secund reason used the "faster™ and
the “glower", :
1d) He states certain things necessary
to olarify the proposition.
le) How the faster is related to the
slower in a greater magnituds.
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20) e=eee
1d) =e-ae
le) =-ouw , :
1f) He states the propositlon:

Moreover, since every magnitude is divisible
into magnitudes (for it was shown that it is
impossible that some continuum be compesed of
atoms: and every magnitude is continuous), it
is necessary tliat the faster traverse-a great~
or magnitude in an equal time and a greater
magnitude in less time, ss those who define the
faster eay. ‘ ' '

He proves the proposition: :
1g) The faster traverses a greater magnitud
in an equal time:

For suppose that we have A faster than B,
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Therefore, since the faster is that whioch
is ohanged first, in the time in which A

is ohanged from C to D, namely in the time
2I, B will not yet have attained D but will
be short of it., Thuas in an equal time the
faster will go further.

The faster traverses & greater magnitudo
in a less time:

Moreover, it will traverse a greater mag-
nitude in less time. For in the time in
which A has arrived at D, B being slower
has arrived, let us say, at E. Then, since
A has .ocoupied the whole time ZI in arriv-
ing at D, it will have arrived at T in less
time than this, say ZK., Now the magnitude. .
CT that A has pessed is greater than the
magnitude CE, and the time ZK is less than
the whole time ZI: thws the faster w1l
traverse a groator magnitude in less tine.

2e) How the faster is related to the slower in an
equal magnitude.
1f) He states the proposition:

It 18 clear from this that the faster will tra-
verse an squal magnitude in less time.

2f) Ho)provos thds by two reasons:
1g
For since the faster travsrses a greater
mugnitude in less time than the zlower, and
the faster oonsidered in itself traverses
1M, tho greater, in more time than LX, the
lesser, the time PR in which it traverses
1M will be more than the time PS in whioch
‘it traverses LX: so that, the time FR being
less than the time PH in which the slower
~traverses LX, the time PS will also be less
than the time PH: for it is leass than the
time PR, and that which is less than a first
-thing which in turn is less than a seoond
thing, is itself less than the second thing.
Hence it follows that the fastor will tra-
verse an equal magnitude in less time than
the slower.
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Further, if it is necessary that every-
thing moved be moved in an equal, lesser
or greater time than ancther; and if that
which is mowed in a greater time is slow-
or, and that in an equal time, equally
fast; the faster is not equally fast nor
slower: nor will the faster be moved in a
longer or an equal time. It remains, there-
fore, that it is moved in a lesser time..
Thus, it is necessary that the faster tra-
veras an equal magnitude in less timse,

2d) He proves the proposition. (Cf. 20) direstly above.)
10) He sets forth certain notions necessary for the proof:

Moreover, sinoe every motion is in time, and in
evory time it is possible that something be moved;.
and since that whioh is moved can be moved faster
or slower; the possibility of belng moved faster

or slower will be found in every time.

He draws his oconolusion from what haa beqh sald:

Sinoe these things are so, it is necessary also
that time be continuous. Moreover, by continuous
I mean that it is divisible into parts whioh are -
always divisible. For, when we suppose the ocon-
tinuum to be such, it is necessary that time be
continuous.

de explains the propoaitiohs

For sinoe it was shown that the faster will traverse

an equal magnitude in less time, let us take two
moblles, A the faster and B the slower, and let the
#lower be moved through the magni‘ude which is CD
in the time 2ZI. Then it is clear that the faster
will be moved through the same magnitude in & less

~ iime than this; and let this time of A be ZT. More-

over, while A which is faster has traverred the
whole of CD in the time 2T, the slowsr traverses

in the same time a lesser magnitudes thus, let this
lattor magnitude be CK. Moreover, while B whioh

is slower has passed the magnitude CK in the time
2T, the faster will traverse the latter magnitude
in less time: thus the time ZT is agein divided.
Moreover, when this ias divided, the magnitude CK
will also be divided according to the sams rsason:
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and if the magnitude is divided, so also the time.
And this process will go on forever, taking the
slower after the faster and the faster after the
slower and using that which was demonstrated. For
the faster divides the time, but the slower divides
the length. Therefore, if it is true that we can
always make this conversion, and if division is
always produced by the oonversion; it is olear that
every ime is continuous., It is likewise evident
that every magnitude is continuous: for both time
and magnitude are divided by the same and equal

~divisions.. ... .. _.
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30) He gives the third reason to show that
time and mga magnitude are similarly di-

vided, considering one and the same mobile:

Further, mcreover, it is evident from the
ordinary way of speaking that if time

is omtinuous, so also is magnitude.
Because a thing traverses half the mag-
nitude in half the time; and universally,
less magnitude in less time. For the
divisions of time and magnitude ars the
sume. :

2a) Finite and infinite are found similarly in mag-
nitude and time, ’

1b) He states the proposition:

If either time or magnitude 1is infinite,
the other is also; and in the way in whioh
one is infinite, the uther 1s infinite:
this if time is infinite with respeot to
-1ts extremities, 8o also length is infin=
ite with respect to its extremities; but if
time is infinite in division, so also
length is infinite in division; moreover,
if time 48 infinite in both ways, length is
infinite in both ways. - :

He solves &x a doubt of Zenos (8)
Henoe also the reason of Zenc supposes

something false, namely that it is not
postible to traverse the infinite, or be
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in oontaoct with the infinite points singly

in a finite time. For length and time are
oalled infinite in two ways, and in gener-

al any oontinuum; either according to di-
vision or according to the extremities,
Therefore, it is ocertainly not possible to

be in contaot point to point with things whinh
are infinite in quantity in a finite time,
but it is possible to be in contact with
those things which are infinite in divi-

sion in a finite time; for time itself is
infinite in this way., Thus also, in an in-
finite time, but not in a finite time, the

‘infinite ocan be traversed; and infinite points
oan be contacted point by point in an infin-

ite time, but not in a finite time.

He proves the proposition.
1lc) He restates the proposition to be provodx

Neither is it possible to traversze the
infinite in a finte time; nor the fiute
in an infinite time: but If the time is
infinite, 80 also the magnitude will be
infinite; and if the mngnitude is infin-
ite, 8o also the time.
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20) He proves the proposition and its converse.
1d)Time cannot be 1nfin1to if the magnitude is finite, (two
reasons):

Take a finite magnitude AB which is traversed in
an infinite time G. Then take some finite part
of the time, call it GD. In thls time GD the
mobile will traverse soms part of the magnitude;

let that part traversed by BE. Now this latter

will elther measure AB or fall short or exocell it:

it makes no difference which. For if the mcbile
always truvoraon a magnitude egual to BE in an

squal time, and if this magnitude meamures the whole;
the whole time in whioh 1t will traverse the magni-
tude will be finite, For the time will be dividdd
into equals us is the magnitude.

2s) This next reason is against those who would say

that any part of an infinite time is infinite:
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Further, if the mobile traverses only some mag~
nitudes in an infinite time, but ocan traverse
othera in a finite time; take, for example the
magnitude BE: this will measure the whole, and
the mobils will traverse an equal magnitude in

an equal time. Thus the time also will be finite.

1f) He shows the necessity for the reason in 2e):

It is evident that the mobile does not trav-
erse BE in an infinite time, if we take some
other mangitude which is traversed in ¢ fi-
nite time. For if it traversed the part in

less time, it is necessary that this part be.
finite, sinoce AB is finite.

) Zd) He shows that the converse of 1d) is true:

Moreover, the demonstration is the same, if the
length is infinite and the time finite.
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2. No continuum is indivisible.
a. He states the absurdity which would follow if this were

not true:

Therefore, it is clear from what was said that neit .er
lines nor planes nor any other continua are atoms (i.0.
indivisibles): .ot only for the reason here given; but
if this were true the indivisible would be divided.

Then he shows that this absurdity nedqaaaiily follows:

For, since the faster and the slower are to be found in
auy time; and the faster traverses a greater magnitude

1. an equal time; moreover, it is _possible for the fast~

or to traverse a length which is double or one whioch is
greater by one and a half (for this is the nature of the
faster): therefore, let us take a velooity which is great-
or by one and a half than another in the same time, and
let us take the magnitudes of the faster as divided intc
three indivisibles AB, BC, CD; and the magnitudes of the
slower as divided into two indivisibles EZ, 2I. And thus
¢130 the time will be divided into three indivisibles:

for the mobile will traverse an equal magnitude in an
equal time. Therefore, let the time be divided into KL,
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to the question asked: for he asked if it is possible
to traverse or number the infinite in a finite time:
it does not suffice for the faot and for the truth.
For if somoeone, leaving out the magnitude and asking
about the same time itself, were to ask if it is pos-
sible to traverse the infinite in a finite time (for
time has infinite divisions), this solution would not
be suffioiént.

But we will then have to set forth the truth of
what we say by reasons. Anyone dividing the ocontinuum
into two halves does this by using one sign as two: for
he makes it the Yeginning of the one and the end of the
other. But it is thus that anyone numbering or dividing
into halves proceeds. But, in using division of this
kind, neither the line nor the motion will be continuous:
for motion is continucus if it has some continuous aspect.
Moreover, in the continuous there are infiritely many
halves, not actually but potentially: but if these are. .
made aoctual, the result im not e oontinuum but a stasis.
This is very obyious because it oocurs in numbering the
mid-point: for it is necessary to numbér the one sign as
two, (for it will be the end of one half, but the hpegin-
ning of the other), if the one does not mumber the con-
tinmum, but rather the two halves. Thus we will say to
the one asking if it is possible to traverse the infinite
either in time or in length, that it is and it is not
possible: for if they are actually infinite, it is not
possible; but if they are potentially infinite, it is
possible. For that which ie moved ¢-ntinuously has tra-
versed, in a ocertain sense, the infinite; ut striotly
speaking it has not: for it is possible to designate an
infinite number of mid-points for a line: but the line
itself in its asubstance and definition is somothing other
than theso infinite midpoints.

But has Aristotle, by these arguments, solved th§ problem?

2o answer this we must ask which problem is meant. He certainly

does not seem to have solved the problem of Mr. Fraenkel and

the moderns of "throwing a bridge over the abysa botweon the

numbrablo infinite nnd t he oontinuum" Rather, he has said

that the line in its "substanco and definition" cannot be

oomposed of "these infinite mid-points”. He has, however,
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shown that the problem of Zeno rests on false assumptions and
contradictory definitions of the nature of the continuous,
and a failure o pcroeivola necessary distinction between

the divisibility of the continuum and the actual division

of the continuum. Thus Zeno's problum, as stated, is shown
to be a peeudo-problen which exploits an ambiguous dsfinition

of the tems involved. If it is this problem which "has

' féaiétéd fheﬂ efforts ofnphilloao‘p'}:ér.s Va:ndr mathematicians

«

for two thousand vearc, from Zeno of Elea to Poinoare, Hilbert
and Herbrand” then our work would be finished, -~- Aristotle
has given us the solution. |

But this, we agree, would b'lo an all too facile resolu-
tion of a difficulty which _fx_a._s had an enormous importance for
modern mathematicians. And, although we shall find an ambi-

guity at the bottom of the mcdern diffioculty, Mr. Strong is

quite right when he says that the problem of the foundations

of mathematics among the moderns tukos a different point of
view from that of the anoients. (10) However, the insistence

by the modern thinkers themselves on the faot that in some

_8say their problem goes Bgok to Zeno leade_us to. oo_,r;sider “he

problenx whioh oocasioned the arguments of Zeno.

Zeno's"proofs™ were directed at tho Pythagoreans of his
day'(li) who held that all is number. It i1 supposed that for
them, _;s waell as for Euolid later, the defini%ion of number

involved the notlon of the indivisible One or unit. (12) Thus if




everything is oomposed of numbers, the continuum itself is

composed of numbers, whioh in turn are composed of indivisi-
blos.: Here, then, we see the basis for Zemo': arguments,
As we saw from Aristotle, to say thﬁt the ocntinuum is oom-
posnd of indivisibles is to open tﬂo door for endless ocontra-
diotions.

But, if this ie the rrohlem the modsrns iave in ming,
it is plain thut Aristotle's solution is valid here akso. The
continuum is not oompoaed of 1nd1visib’ea and oonnnt bo. Thia 
‘led him and Euelid arterwards, to distingutah two indépendent
soiences or mathematics; arithmetic and 5ecrotry.‘ Arithmetio
treate of nu-ber which, in one respect, is a "multit de com-
posed of units", and thus sgctually divisible intn inuivisibie
units; whilq geometry treatp of the oon,inuouu.whioh cannot
bs composed of units, but is potentially divisible ad infinitum.
Thorefore, it Beems safe to conclude that it is ﬁot the abyss
tetween this number and Xhis continuum that the moderns wish

to bridge.




Chapter III

One of the greatest difficulties is thut the modern writers

do not give us very olear notlones of wrst they mean when using

the terma, number, continuum, construection, etec. As one of

them has said recently (1), "...mathematics is an exact srtence, .
but mathematicians u?e inexaoct terminoiogy." ¥hen they spsak

of the oontinuuﬁ, they either assume tﬁat the "empirical" no-
tion of continuity is so obvious thut it is useless, if not
impoaéible, to try to define it; or they maintain that the

notion is so hopelessly confuaed ana imaginary, so tied

down to anthropomorphic represontations, that it is soms thing

to be excised rather than probed. (2) The notion of numbef
suffers from an equal lack of precise consideration. For most

mathematicians, the natural numbers, sc-calded, are assumed

as something ‘mown. (3) .

Therefore, again, in order to find out just what is meant

by the terms of the problem, we shall have to ;o baok to the

men who have worked at it and see just wha t they were trying
tv do. 4lso, because it seems thaut the signiricance.pf our
probiem wus not'rully realized until gquite recently (4), we
sBaII;faﬁoh'énly'E?iofiy onﬁihé,wdri ofrthit'igrgefhﬁnbé}'of
mathematiciuéa who struggled with the problem befbro‘the nine-
teeﬁth.cgﬁtury. Moreover, fhis wiil mean n;&in refqrfing to

thb thought of-the Greeks bacause of some of ths serious mis-




intorpretations existing today.
We are oontinualiy told that for mathematicians today,
mathematios is not the socience of quantity. Thus Cajori esays:

One of the phases of tho quest for rigor has been the
re-defining of mathematios, ™Mathamatics, the science

of quantity" is an old idea which goes back to Aristotle.

A modified form of this old definition is due to Auguste
Comte (1798-1857), the French philosopher and mathemati-
~olan, the founder of positiviam. “ince the most strikdng
measurements are not direct, but are indirsot, as the deter-
mination of distances and sizes of the plansts, or of the
atoms, he definad -mathematios ‘as- "the socience ‘of indirect
moasurement.” These definitions have been abandoned for

the reason that several modern branches of mathematics,

such as the threory of groups, analysis situa, projeotive.
gaometry, theory of numbsrs and the ‘algobra of losic,
have no relation %o quantity and measurement, "For one
thing,” says C.J.Keyser (5), “the notion of the continuum
~+= the 'Grand Continuum' as Sylvestor called it ---

that central supporting pillar of modern Analysis, has
been constructed by K. Weierstrass, R. Dedekind, Georg
Cantor and others, without any refserence whatever to
quantity, so that number and magnitude are not only
indepsndent, they are essentially disparate.” Or, if

we prefer to go back a few centuries and refer to a single
theorem, wa may quote G. Desarrues as saying that if the
vertices of two triangles lie in thres lines meeting in

a point, then their sides meet in three points lying on

a line. This beautiful theorem has nothing to do with
measurement., (6)

This univorsal rejection of the notion of quantity is

parallelied by a similarly universul ambigulty as to Just what
this rejected "quuntity" iﬁ. In this pussage, for example,
ws ‘have a confusion betwsen ths notion of quantity and one of

its probortigs ~-- measure. Further, there is no explanation

here or elsewhere in the book as to the maturs of the "oontinuum"

which has been "conatructed” with no reference to quantity, nor

to 1hie nature of the'oonutfuotion".
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%o nﬁmﬂahAﬂw for an explamatien of just
what is meawt by quantity. In dook ¥ of the Netaphyreies,
anmr 13, he defines a juantified thing: |

B _ That 1s eslled & quamiified thing whish is divi-
eidble into censtituers pards, sssh or every ene of

whieh s 1nuumuummmuwm.

The 1as% part of this definition, "...ca8h or overy esus
of whisheso™, explaing the kind of Qlvieidd ity whieh 1s praper
%o quantity. (:l) The neticn ef “eomstitusnt parts” san be
underetesd in sevornl ways. He have the "physiocal” parts of
& thing, as matter and fom, mam-ﬁuomgrum
ﬁntbukorunm'ﬂut!nnmmm.u
mmuuuumwm«mmuum.
6lse we have the subjertive parts, as whe universal 1s divided
inﬁ ite utbr;on. Bt ty "comatituent parts” hare he meaza
Mmmmmuﬁnmmmuw
Shat when thay are divided cash remains a eemplete umit in
i%301f, Az example of Shis might bde the ordirary division of
an amount of watery 1n§o_ur1wn receptacles, which takes place
v;thom any ehaniocnl ehange: each "part” of She wader would ko

wabor, axd o oinplm “sntity.
Mlc;iu Shis, ._ho gives She division of QW"? ixto
1ts speetes 409 (8) ond dlotinguiahes ite nodes: |
Therofore, o pultitude, 1f 1t 1s mmersdle, is o
quantified thing; 80 also Lo a megniduds, 1if it 10 mes-

surable, Mercever, that is oalled a multitude which is
potontially uvloluo inte pon-eontizuous parde; end




that a magnitude whieh is divisible into ocontimuous
parts. That whieh is continmucue in one dimension is
a measure in leigth; in two dimensions, width; in thyee,
depth., Of thess, moreover, finite plurality is ealled
number; finite length, line; finite width, surnoe;
finite depth, boly.

Furthemmore, some things are said to be guantified
-in themselves; others, only with respect to semething
else: for example, a line is gquantified
in itself, but a musioal thing is quantified with respest
to something else,

. Of thoss things whiéh are quantified in themselves,
soms arse 80 by their substance, as a line is a quantified
thing. For the quantified quiddity id found in the def-
inition stating the "what is it". Others are properties
and dispositions of such a substance; as many and few,
short and long, wide and narrow, deep and shallow, heavy
end light, and others like these. Horeover, pgreat and
amall, and greater and smaller, used absolutely or with

- respeoct to each other, are im themselves properties of &
quantified thing. But these latter tems are alao applied
to other things.

' Of things called quantified with hupoct to something -
elss, some are 50 called in the way in which we said above
that a musical thing or a white thing is quantified, i.e.
besause they are quantified ly some quantified thing in
which thoy are. But others are quantified with respeot
to something else as motion und time are. Yor these lat-
tor are aald to be guantified and ocontinmuous beeause
those things of which they are the properties are divi-
gible, 1 refer hare not to the subject of motion but to
the magnitude in which motion takes plaoce; for it is by
reason of the quantitative nature of the latter that
motion is qmtiﬁod. Time, moreoover, is quantified by
motian, .

However, it 1s mot this physical, sensible, quantified
thing which is the subjeect of mathematiocs, asvording to Aris-

totle. The mathematiocian studies quantity in abstraction

from sonsible things. This is explained in chapter § of book

XI11 of the Nm;ﬂwliol. (8) And, lest axyons. think that suoh-
an nbotrution of a property rm the thing 1tself involves

omr. he adds:




Thus, if we oonesidar gertain properties in sep-
aration from other nttributes, and eonsider their
properties) whex we so consider these objects, we shall
not be in error by reasom of the abstraction made, any
more than he who draws a line and calls it a foot long
when it is not; because the error is not inocluded in
the premisses. The best procedure in eash inquiry is
to consider separately that walied does not exist in
Separation; which 13 whet the arithmetician or the
geometriocian does, (10) :

Thonforo, when he says that mathamatios troatl of quan~
tity. he ias lpuking of quantity cousidered in .bltmotion
from sensible things. If we define this quantity as such we-
would say that quantity is that according to which & quanti-
fied thing is divisible into homogensous parts. DBut them we
8es immediately that there are two kinds of quantity. There
#s one kind of quantity, mmber, which is divisible into hano-
geneous parts (units) whioh are not further divisible bscauss
they do not have the samo rature (pPlurality) as the whole
whioh they oonstitute. Then there is anothar- kind of quantity,
ragnitude or oontinuous quantity, which is divisible into hom-
ogeneous parts (magnitudes) which are further divisibvle big
causs thoy tlwayl have the same nature (magnitudo) an tho or
iginal wholo which they oonstitute. '

It was because of this evident discinotion, found in the
nature of qumtity 1tuli‘ that the Graeka uru led to diuth-A
guish tw sclences of mathematics: aritimetic and goauatry,

In the imnﬂgauon of the properties of number and those of

the cont\muﬁ we ses a eonfirﬁﬂm of tﬁis ud:lcul. diversity.

BEST coPY AY AILABLE




The qualities whieh are applied %o triangle, line, ocube, ote.,
are very & fferent than Slose of mumber, s8 edd, even, prime,
oto. And, while 4% §g true that ws eall certain mwmbers
sQuare, restangular, m.. this 1is culy in initation of theee
qmllttn which are pnmly found 1n contisvous quansity. (131)
The same (uwnlv is found when cwe quantisy is compared %o
‘asesher in the same gesus, The relation found betwean numbers
w111 alweys be comensurate, vile that bytwsen sertivua will

be sametines commenpurate and ecsatimes inccomensurate bocanse. -

o the indefinite divisidility of the cont!mmm,

Vhen we turn now to tumornﬁom,u 800 that
this ¢ivieien of matleaatios is rigorously adhered %o, He
sarefully defines the kinde of quantity he Greats im the parts
of his troasise. Thus, for the first six books, we have def-

inttiens whioh use the vems "magnitude”, Wine®, ehe, 4ilse

the theory of proportion found inm ;Mry ic Sreated diffor-

sntly shan that foumd in aritimetis.

| In his commontary on the text of Fuelid, Heath makes &
eritielsn whish indiostos his misconceptien and Qmmm of
the ideas elearly sed forth ly aristotle asd Puelids |

16 is 2 reuarkadle fest Shas the theowy ct propor-
tions is twioce trected in Buelid, is Boek V., with muf-
orvence to nagmitudss in general, and fn Book V11, with
reforanes te the particular saes of umbirs, The lat-
ser exposition referring oaly Gi commensurables may Lo
takaa to repressat falirly She thoory of proportions ad
‘She otage whileh 1% haid resehed before tho great extop-
slon of 1¢ mudd YWy Budazus, The differences botwoen




the definitions e%9. in Books V. and Vil, will appear
48 we go ont but the guestion naturally arises, why
did4 Fuelid net save himself so much repetition and
treat mmbers merely as px a particular case of magni-
tude, referrin; bask to the correspondivg more reneral
propositions of Beok V., instead of proving the same
propositions over again for nuabers? It could nod have
escaped him that numbers fall under the concoption of
sagnitude, Aristotle had plainly indicated shat mag-
pitudes may be mwmbers when he observed (Amal, post, 1.
7, 76 b 4) that you camnot adapt the .mmuﬁ"'uma
~of proof to the properties of Bagnitudes if the magni-
tud-s are not numbders. Further Aristotle had remarked
(Anal. post. 1. 5, 7¢ a 17) that tho propoeition that
the terus of a proporsion can bs taken alternatédy was
at one tine proved separatsly for mmbers, lines, solids
and tixes, though it was possible %o prove it for all by
one denonstration; but, because theye way no JENMORn RAMe
eauprohending them all, namely numbsrs, lengths, times
and 80lids, and their character was different, they wore
taksn separutely., Yow, howover, he ndds, the proposition
is proved generally. Yet Euelid cays nothing to sonneet
the two theories of proportion oven when he oomes $n X.
5 to a proportion two tems of which are magnitudes and
two ere numbders ('Commensuruble magnitudss haveo to one
another the ratio which a number has to a mumber'). The
probable explamation of the rhanemenon ia that Buclid
simply folluwed tradition and gave the shamwkas two the-
ories as he found them. This would square with ths ro-
‘murk of Pappus (VII, . 678) as %o Euolid's fairmess to
others and his readiness to Five tham oredit for their

When Aristotle “pluinly indicated that magnitudes may

be numbers”™ he also indicated tlat this consideration was

~ aecording o eommon principles and not sccording to the prin-
oiples proper to maznitudes and mmbers, sines he very spe- '
cifieally insiste on this distinotion in other places. Hoath
mfght have bean warned by ths faet that "thers wag Ro oomc;n,
pexme oomprehsnding them all...and their eharacter wus differont”,

That this community is met sufficieny for demonstrative solence




is shown im a further passage in tho sams work (Anal. pést. 1.
11, 77 a P6), where Arlltoth sayst |

All goiences communimate (or partielpade) in the oom-
mon prineiples., Moreower, I call those prinoiples
eommon whielh tho deronstrating soisnces use as some-
thinz from whish (the demenstrutions proceed); but
they do not demonatrato about thess (as subjects), nor
are they what (as oonclusions) they demonstrate.

Algo dialestio te about all these (as subjeote) as
is any other selence when it attempls to demonstrate
common primeiples, such as that it ia imppssidle %o
affirn and deny the same thing of the same subject, that
oquais sudbrasted from equals leave equals, and othaors
that are like these. But dialectis does not have a cer-
tain group of things defined in this way, mor does 1t bo-.
long to any one genus of adjeots. Otherwise it would
not preceed by interrogation, bocause it does not demon-
strate that the same thing belongs to things opposed,
But 4his was chown in ohat was said about the ayllogiem,.

Therefore, while there is now a common demonstiration for

the alternation of proportien, this ia dialecticsl insofnr as

it 1s ocemon %o both dissrete and contimuous quantity. To
conclude, as Heath Qon. that magnitudes may ba mmbers 1s to
reduce the lc;iqm- of mathematios to dislectios. Aristotle
goes to soms length te point out the distinction between
seience ind dislectie in IV Mastaphysios, chapter 2, 1004 b 17:

Dialectiolans anu sophists present themselves under the
same yruipe as the philosopher, for the sophist has the
appsarance of the philosopher, and the dialsocticians ar
gue about all thingss xx being (the sudjest of tho philo-
sopher) is common to all things. 2nd, moreover, they ar-
gue about thease beoocause these common things are proper
to the phileosepher; for sophistio, dialoctie and phile--
eophy treat the same senus of cbjests.

But the philosopher differs from ths dialectiolan in
the effiocacy of his reesoning, and from the sophist in
his outlook on life. The dialeetieiun arrives at probedble




conolusions concerning those things about vhioh the
philosephor demonstrutes, and the sophist appears %o

be a philosepher but is not,

Therefore, it is plain thut for Aristotle a demonstra-

_ %ion which proceeds, not from the proper prineiples of thre
subjeet under oonddont’l#n. but rathesr frem certain prin-
oiples which the subjeet has in comnon with other things, is
not soientifio but dialestioul, Also, because such a prooce-

h dui- in ddo‘ﬁ#‘l, it can umr' atﬁrinwt)u prréporr num f
of the subjeet tut only the common or extrinsic roasons, Be-
cause of this, its procf is only probable. [ut Aristotle has
shown in many puk places that for him the mathematioal seiences
are solences in the ctricfut sanse, ,'tuioro ‘than that, they are
the esinnce most proportionale to our vay of wng. Qnly in
this solence does the mind £find an objoo‘t whioh is ef the sune

time more lmowable for us and more knowable in se.

Noreover, the radical diversity between disorete and oon-

tinuous quantity demands that any treatment sscording to the
proper principles of the sudbject recognize tho faot that there
are two mathematiocal o@iomoyn aritmetio and geometry, This
~-diversity is shown by the fast that the division of quuntity
into disorete and continuous 13 agoepted at the onfaot of the
treatuent of that category im the FPradicansnts.  tince thuQ
two kinds of quantisy differ generically, the prooﬁ of the
wathematiclan, 1f they are to be sclentifie, must apply to

one o the ¢ther., Any “"gensmal” mathamatior which would




apply equally to both could only be dialestioal, It ia

for this reason that b\nlid was very eareful to trsat pro-
portion or omnnwﬁuuty twice. In doing so he proceeded
mathematieally and not jJust dialectically, Lo wunted to
Know what mx,mmbsxaty was in quantified things, from the

point of view Of maihematios takesn in its strich sense of

scfence. Heath, on the other hand, seems to be wo struck by

his own interpretation of the method of proof used in Euolid
X. 1, which 1s used to determmine incommensurability, that he
would throw out rmathonaties pmpdr and content hingelf with
this, Le calls this method "the method of exhaustion". Linoe
nost of the modern errors on infinity, .limit,_‘ oth., refer to
this netion, it will be well to feo Just what it means.

At one point lisath semms to say that Aristotle has given

us tho method of exhaustion, while in Anothev‘ ialaoo ho seems
%0 deny that such a method was walid. On the one hand, licath

says) (13)

ssedriatotle already has the principle of the method ef
exhaustion used by Budoxust "if I continually add to a
finite magnitude, I shall excewd every asuvigned magni-
tude, and similarly, 1f I subtrgct, I shall fall short
(of any easeigned magnitude).” (VIIX Fhys. e. 10, 2668 b 2)

Bus again he .g:yn

arigtotle's dsnial of even the potential oxistence of a
swy ¢ “ magnitudes which shall exceed every definite '
magnitude was, as he himself implies, inconsiutent with
the lemma or assumption used by Eudoxvs in his method of
exhaustion. We ean, therefore, well understand why, a
osentury later, archimedes felt 1t necessary to justify
his own use of the lemma, (14)




In his oomentary on Kuslid, lsath repeats his oriticimm of
Aristetle's fallure to appreciate the method of exhgustion
and adds Archimedes' stateuent of the lesma (15),
'The excess by which the greater of two unequal areas
oxogeds tho less ecan, 1f it be continuelly added to
itself, be made to exceod any essigned finite area.'
lisath does not seem to have appreciated the text of
Aristotle in III Physios, e. 6, 206 b 5~12, since ho does mot
refer to it in this oconnegtion. There Aristotle says:
If we take a determinates part of a {inite magnitude and
add anc’her part deterained by the same ratio (pot taking
in the same amount of the original whole), and »0 on, we
shall not traverse the . iven magnitude. But 4if we in~
oreass the ratio of the part, so as always to taks in
the same amount, we shall traverse the mgnitudo, for

every finite maznitude is exhausted by means of any det-
eminate quantity heever small.

For this reason it is difficult to see Just what 'ieath means
by the "method of exhaustion®. flowever, it soems probable from
some of his stutements about Antiphon and Bryson (16) that he
is oritiecising Aristotle for Jowing that 1t is possible to |
-M the limit of a series; for ciuplo, that 1¢ 1» po;eiblo

by the use of insoribed, or insoribed and >ireunsoribed poly=

rgrorncﬂt_;o finally reach the eirele. If this }Vortrruo,vthonri‘br

lisath the method of exhaustion meang that *2ldng a deser-
minate part of a finite magnltude ard adding enother part
always acoording to the same ratio, and earryimg thie on in- '
defiritely, we shall fimally traverse a given megaitude.

But thea there is a double oon.huio.m a) as to iristotle’s

statements that "the sum of the parts taken (in infinite divi-




sion) will mot exesed every determinate magnitude..."

(xu Fhys., o. 6, 206 b 19) and that "is respect to addi-

tion there ocannet be an infinite which even potemtially u-

ooeds every assignable magnituds,...” (Iuid, b 20); and b)

0 to the nature of the proof used by Fuelid im X. 1 and XII. 2,
As to the first point, Hesth seems to have failed %0 see

tho'd_i_rtomoo between an addition which prosesds asocording %o

& fixed ratio and that vhich’pmroodlu.‘aoérdhg t0 a detsrainate

magnitude, In the one cese we have the variable tending to the

limit whish ean never be reached, while in the latter case we
have simple addition which ydll exoeod all limits. lie ceoms
to visualize the conoeps of limit After an eapirical model and
thus he says that guch & proocess »ust oome to an end, iut this
also was acknowledzed by aristotle in his oritique of Anaxszoras
ta 1 Phyeics, e+ 4, 187 b 30, whore he saye that diviaion in
physisal quantity kul not go bayond & cortain l_-u;nltudo. How=
sver, in quantity ag it is oconsiderad by the mathamatieiz. we
shall net reaoch the limit. Thie po:lntvho.- caused muoh & - e
oculty for many who have failed to approciate Aristotle's ru-
mark on the infinite in mathematiocs: '

Our acoount (of tho infinite) does not rob the
mathanstiolans of their proof by thus dermying Ghe oxist-
suneo of an infirnite that is aotually untravorsable by
addition. JYor they neither noed guah an infinite, ner
do thay use it: they state only that any ssraight line
may be extended as far as thoy wish, That it is powsible

- to divids in ths same proportion as the largest gquantity,
another magnitude whatsoover, Vhenee, for the purposes

e

ARy 2 Ty S




of demonstration, {t will mak. ro diffevenso whether
the greatest quantity be finite or infinite:s hut there
will b0 a great difference whether there is an infinite
or m;t in the magnitudes existing in thlngl. (1uid. 207
b 27

Here we have merely the recognitiom of the fast that no math-
eaatical proof dopends upon the existence of the actual infi-

nite, as L8 clear from kuslid,

This trings us o the seeond xi ssonseption of lieash, In

his commentary or Euclid XI1I. 2, he says: -

The first essontial in this proposition is S0 prove that
we ean exhaust a oirole, in tho sonse of X, 1, by suc~
cessively insoribing im it § regular polygons, each of
which has twice as many sides as the preceding one.

Bul what Buelid actually says, after desoribting the process of

bissoting the sides of tha insoribed polygon, is

Thus, bty biseocting the remaining cireusferonces and
Joining straight lines, and by doing this continually, we
snll leave some segmounts of the eircle whioh will be less
than the exgess by which the airole EFGH oxcoeds the area 8.

For it was proved in the first theorea of the Seuth
book that, 1f two unequal megnitudas be asst out, and 17
from the greater there be subt.wotoed a magnitude greuter
than the balf and from that whiok is left a greater than
the half, end if this bo dome eomtinually, thore will be
left some magnitude which will be less than the leaser
nagnitude set out.

%o say that this will "exhaust" the eircle 1s to state
exaotly the opposite of what Nuclid has proposed. Yor in ¢bs

ov.at,th.t 1% 1s possible to axhaust the oirele, tham it w11

po longer be poniblo to have "lom s0me ugnit\ ‘o whieh will

bo loss than tho louor umumdo set cus".




Binoce Heath has mistacen bosh the subisct of mathema-

ties and the nuture of its proof, it is vot surprieing to
see him attribute this "method of sxhauation" $o Archimedes.

Yie would hardly expect hia to understand the mature of the
sgiontia media with whioch which tho lattor was cosupied. | As

o matitor of faot, lieath finds no diffieulty in ocleasifying
Archimedes among those who were instrumental in the _dinoéw

ory of the oaleulus (17) and he passes over iristotle's care--
ful distinetions on the nmature o!‘ demonstration in the sgientia

media (Anal. post. 1. 13, 78b 32) with statements like the

following:

in applied mathematics iristotle recognizes optioes
and mechanios in eddision to astronomy aud harmonios.
lie ealls optics, harmmonios, and astronony tho more EEZ-
sieal (branches) of mathamatics, and obsorves that these
subjeots and mechanios depend for the proofs of their
propositions upon the pure wmathematieal subjesta, opnuies
on geometry, mecrenics on pewmetry or stereometry, and
hammoniss on aritimetic; similarly, he says, Fhasnozena
(that i{s, observakional astronomy dopcnd on (theorstieal)

astronamy. (18)
_This fallupe o grasp the precieion of Greek thought is

evident also in many of tho nodern historians of utimatios. (18)

Ad a omoquom. the problem of the vontimuous amd the dis-
orete has today ar. -entirely M—tfomtf-maping. !‘ho notionl
of the terms of the problem have changed. In an attempt to
find out whac is ;\m ny these tems today wo shall exumning

acme of the modern writers on the suvject.




Chapter IV

Agoording to many writers (1) the modern problem
arisee from the attempt to ;ive & fim foﬁndation to the
oaloulus, The work of Newton and Leibnis is eaid to have
raised again the anitnoxies of 7eno and osused a reexamination
of the foundatioos 'of mathenatiocs. The eoinury from an

and heibnlg to Cauehy and Causs has besn terwed a"pericd of

vt ki indecision”, in which ocortain steps were taken but

no final reaults achieved. In this }soriod we find the attaok
ty l!orkﬁloy oriticising tha logio of the caloulus, Necause
the theory of the method as pruposed seemed to rest an the
exigtence of & limit “"ratio” -:-))-—; and on the attairsent of this
1imit, he stated the following "lemia™:

1f, with a view 10 demonstrate any proposition, a
eortaln point is supposed, by virtue ¢f whioh certaln
other pointe are atlained; and sush supposed point be
iteelf aftervards destroyed or rsjlected by a contrary
suppoeitian; in that case, all the cthor pointe attained
thereby, and eonsaquent thereupon, must also be destroved
and rejected, 86 as from thenceforward to »e no more sup-
possd or mpplied in the demonstration. (2)

ineluded in this work were u series of questions directed at
the mathematiclane of his day, smong whioh wors the following:

“here there ars no increments, whathor there oun he eny
ratio of incremwents? Thethor rothings eun be considered
as proportional to real quantities? Or whother to talk
of their proportions by not to tulk nonsense? Aleo in
what sonoe we are to understand the proportior of a sur-
"fugo to a line, of an arva to un ordipate ! aAnd whother
species or nmmbers, though properly expressing quantities

_ whiieh are not homogeneous, mmy yet Le said to oxpress
their proportion to eaeh otheyrf’
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The readinesa uithvwhioh the nathcnatioianQ took up
tﬁil challenge indicates that, for thom, this theory was
an essential part of the soience of mathematios. This fail-
ure to ses the oci#ulnn for what it was, namely as an ade
Junat to the science, lod many mathematisians intd a_phil-

osophieal disoussion of the nature of a variable and a limit,

loreaver, few if any perceived its philosophionl eharacter.

v

They tended rather to regard the question s one falling pro-

perly within the province of mathematios. then wn add to this

the faot that m.anuramenf in phyasieal uantity is not to be

distirguishod from a mathematiocal oonsideration of quantity

absiracted from ssnsible matier, we bégin to ses the poessibility

for much ocafusion in any disoustien of limits, Qériablol, etc.
One of the first who took up thess qu?stions after thn

oritician of Berkeley was Honjamin Lobins. le said that "the

ultinate rutlo of wenlshing quantitjes” does not refer to

some final ratio wihioh would necessarily bo-g-, s Borkeley
had olaimed, but rather referred %o a "fixed quantity which
some varying quantity, by a continual augmentation or dimin-
ufian"iﬁull'ﬁifiifuﬁlly aprroash”™. (3) By this explasation
he ;ave in adoquate definition of the limit pfocoaa in the
mathematioal sonsiderstion of guantity., But he 1§uvsn unex-
plained the juotiriosgioﬁ for oonlidordng ﬁha limit as riven
in the determination of velr:ities, aresas, eto.

D'Alembert also sonsiJered the problem from %he poirt of
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view of mathematical quantity. He defined the infinitesi-

mals of the oaloulus musch as did Kobima, La sald that the
synbols nrc used to avoid the lengthy expression of the 1limit
concopt., “oreover, he denied that there was an actual infinite
and stated thal the mathematioian does not need the actual

infinite for a valid proof. (4) In this latter notion he saw

_clearly the point about the infinite in mathematice brought

out by aristotle and Fuelid. [Howsver, his confusion of the
cyniboh used in expressing the tending of o variable to a
limit with adbreviations shows a serious miaconseption of the
nature of a symbol as opposed to an nbbuvigtion. »
Lagrungo, one of the best mathematielians of the period,
was mainly prtf)eoupied with ftutl for the convergence of a
seriec. he felt that 1t was possible to found the oalsulus

on the develojment of a vowers series., Nith ragurd to this

»
.

development, riarpont says:

Lagmnge's method of develorment of the saloulus
froo from the knotty questions rogarding infinitesinals
and lirits was received with oonsideradle favor. It
suffers howover a mortal defoot. It rests upon the as-
"sumption that a givon funetiom oan be developred in a
pownr series, and thore i no known method of deciding
this question iddependently of the thin{z he wishee to
avoid, namely limits. (8)

The eonfusions jrowing up around the question lod nQoh
men as Caucly, Gauss and Bolgano to xeek an "arithmetical”
develorment of the notion of limit, Deoause they failed to

800 that o eomsideration of limit which beses itself ov sap-




sible quantity is quite different from shat based on mathe-
matioal quantity, they were led to consider only mmber. It
soamnod to thes a3 if any oonetderation of limit which based
itself on continuous quaatity would be subjeot to the diffi-
culties arising from the queation of the infinite. Aotually,
os 'o shall sve later, 1t 1s only in sensible quantity that
these difﬁe’mltiu arise ond then they are not real diffi-
oultics beoauso of the maoroscorie naturo of trn poinmt or

limit in question,

Bolsano had shown that Lagrange's method was dependent om

the 1dea of the 1imit of a series and he also showed that it
van necessary, in infinite series, to determine whether these
were convergent or d.ivoigcnt. In attampting to explaip how a
series oould huve a limit suoh that it could be applied tn &
ocontinuous quantity ho sesms to have evolved the notion that
the continuum e ultir-ately composed of points. (6) le die-
posed of the problem of an actusl infinite by lituting that a .
8icn of an infinite aggrezate iz that a part of it can be put
into a om-ﬁ-mo correspondence with tho vh,o‘l 8. This use of
& property as a definition, which 1is ’tilrl gogo;vﬁod i'nrnwm
"l'u.'r't"r;tm. leads to a confusion botween an ixxfin‘ita sor-
ies and an infinite aggrega te.

Cauchy's definitiom of the limit oomocept is said to be"
founded solely on the notions of naber, variable and funotion

‘rather tham on an anpeel to geometrio notlons. (7) lowever,
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Jourdain maintains that wo find a geometrical way of think—i
iny in Caveohy's dcetrine of limit and his notiom of irration-
el number. (8) Both of these orities fall to say what is
meant by "zeametric” noiioms. Fresumably they are notiona
involving oontinuous quantity eithor gensible or mathematical,

loyer, in the place olted, gives Cauohy's definition of a limit

as ronmus

%hen the sucossusive values attributed to a variabdle ap-

proach indefinitely & fixed value so &3 to Fend by dif-

foring from it by as little as omec wishes, m- last 12

called the limit of the others,
ow this involves or does pot involve "geametric"” notions is
diffioult to soee,

The work of Causs resulted in zno olﬁri floation. of the fun-
damertal eonfusions. Le is credited with being the "first teo
observe rigor in the treatment of infinite series” on the hasis,
apparently, for his work in the determination of eriteria for
.oonnrgont sories. (9) Hmvir. any evaluation of the notion
of limit solely in terms of convergonce or divergence shows a

lack of sppreciation of the notion itself.

~ The many confusions existing in this attempt to "arithme-

tige" manthematios has been rolnted out by Boysr:

In spite of the cure with whioh Caushy worked, there
‘'were a number of phrases in his expoeition whioch required
further explamution. The expressions "approach indefin-
itely”, "as 1little as one wishes,” "laat ratioe of infin~
itoly small ineromonts,” were to be understood in tepas
of thu metlod of limits, tut %tiey suggested di fficultiscs
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which had been raised in the preceding century. The

vory idea ¢f a variable approaching a limit onlled

forth vague intuitions of motion and the gemeration

of quantities. Furthemcore, there were, in Cauchy's
presentation, certain subtle logical gzaps. Ome ef

theso was the falluru to make elear the notiom of an
irfinite aggregate, which is basie in his work in in-
finite sequences, upon which the dorivative and the in-
tegral are built. another laouna is evident in his om-
ission of a elear definition of that most fundamental
of all notions ==-numbere-- which is absolutely essen-
tial to the definition of limits, and therefore to that
of the ooncepts of the valeulus, The first of these
points had been touehed upon by Bolrano, but the theory
_was not further developed umtil mueh later, largely
through the offorts of Georg Cantor. In the second mat-
ter the diffioulty is essentially that of a vicioue

cirole in the definition of irratiomal numbers, and this
Helerstrass soucht to solve, (10
_— irrational
To avold a vicious cirole in the definition of/mmbers,

Vieierstrass ;ives s notion of number which mppoudlj does not

employ the potion of limit. The concept of mumber itself

ie to be defined as the representation (Verstellung) of
the multiplieity (Vielheit oder lenge) of homogeneous
parts (or elsments). ¢hen we denote each of the homo-~
goneous olements by the exrrosaion “ore" K tihe countin'g
of tho eleneuts or units of the agiregute consigts in &=
the fixing of “one und one", "---and oune”, and so on, by
new expressions: “two", "ihree', and so on. The number
1s the representation of ‘he groups of elements denoted
by these expressions. (11) '

The nmumsarical quantity ie identified with the a;;regate of its
elonents, Yhen the suna of mmbers teken a fini. mmber of
timos are determined, there is little diffioulty; but wheo the
sum to be detemmined is that of an infinite sumber of nuserical
quantities, as a, b, 8,...:, a now definition must be foumd.
The sum £ of this htﬁr is defined to b azyrerate whole @lo-

xertas eocur in oma (a% loast) of s, __!3., 8,001 and suoh of thase




-4le

slements v_g_ are taken a mmber of times n equal to the masber
of times that it ocours in & increased by tiw‘ mmbar of times
it ooours in b and the number of times it ocours in o, and so
on, In order that 5 be finite and detemined, it is necess-
ary that each ¢f the elecénts which ocours in it oocurs a
finite mmber of times, and it is necessary that a rumber }
can be assigned guch that the swmn of any finite mhr of the

quantitios @, b, o, ses i less than_l_!.(l!) ,
Although 's‘aeiu;ltr;;; was voryennt‘ul Qo %o;triot hh ";t;n*
to o finite quantity, his introduction of tne notion of limit
is evident in his last oriterion, loreover, iy Ahiu fnelusion
of the notion of a "swm" of an infinite mumber of terms le
mﬁo it oﬁllcr for the modern thsorists of n;ﬁnbar to ooni‘ule‘
symbeiz imposed to repressmt number us & elaas of all elau.oc
that are similar to a given class and aymbols imposed to rep-
resent the tending of a wvariable toc a limit, Ve ahall digouss

this more in detail later,

It was the popularity of this theory of Weierstrass that

led Foinears in 1500 to assert thet mathematical rigor had
been attained. Other thinkers, and Polnoare himself later,
wore Bot ©6 ceFtalm. The developuent of the thisories of Dede=
Kind and Centor reised questions which are atill béing dis-
cussed. ,
Dcdokinﬁ aw insisted that arithmetio must be developed

out of itself alone without refaerence to "gmtrio" intuition.
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He held thut ig is possible to construct the irrational
sumbers in much the same fashion ae negative and fremstion~
n.l mmbers. (13) He finds the "essence of eontipuity” in
the prineiple.

If all points of the straight line fall into two
classas suoh that every point of the first clasc lies
to the lsft of every point of the second olass, then
there exists one and only sne point which produces this
division of all points into two olasses, this severing

_of the straight line into two portions, (3¢} - - = .

By the aumpﬁon of this axiom we attribute to a line its
oontinuity, for, as he says frmodiately:
_If space has at all a veal existence it is not necos-
sary for it to be continuous; many of ite propertioes
would remain the sames even were it discontiruous. And
if we Inow for certain that space was diseontinuous
there would be nothing to prevent us, in case we s0 do~
sired, form filling up 1ts gaps, in thought, and thus
maldn; it continuousy tris fillin. up would oonsiat irn
a orsation of new point-individuals and worid have to
be effected in mccordunge with the ubove prineiple,
liith theso notions, Dedek:nd waz convinoced that theye would
be no difficulties about thy "existened of irrational mumbers.
{lowever, since hias "straight line" is composed of points, he
should at loant_bahov us how he would answer same of tho ob~ .

Jections to this theory made by iristotle. The faot that he

speaks of the “"continuity or discontinuity of spaoe” in tha

same terms as the continuity or dissontinuity of a lins 1o
also rather confusing. ilis nrtion, too, 'ihgt if "spsoe” were
"discontinuous” it would suffioe to f£111 the sape "in thought”

makes us wonder whother he is spoaking wathanatloully or lo;-




cally,

In 1883 Cantor, while stating that his system was

probdbly ossantiolly the same us that of Welerstrass and

Dedekind (15), undertook to set up a theory for tie devel-

oment of muthematios from mmber. At about this time the

theory of Kroneoker had become popular in oortain oirocles.

This latter theory stauted that only the finite integers exist

and that the rest of tho structure 1s a system of relations, (16)

Cantor refers to this idea Ly i'ojectu it as erronsous and

unproductive for soilence and muthematics. lie pusses over,

also, iristotle's notion of the infinite by saying that the

arrunents agninst the roal existence of the infinite "refer

baok to an asaumption which inveolves a potitio prineipii, -

nanely that there are only finite numbers”. (17) liow thor-

oughly he misundarstood the sristotelean notions is shown by

the following passase:

Hathenntics is entirely free in its development and
is only bound by the self-evident restriotion thnt its
oonoepts must ve oconaistent with emch other and stand in
detominate {through definitions), orderly rolautionships
to those coneepts whioh have preceded, these hoing al-
ready present and establichod, It (mathematics) is ob-
ligated when new mmbers are introduced to give defini-
tions of them v which such a deterainacy and, under con-
diticne suoh a relationship to the older mumber is pran-
tod them, that they cen in any given ease ba definitely
distinguished from each other. As soon as a mmber zh
satisfiea all these conditions 1t must be regarded as
mathomatiocally existent and real. (18)

He then proocoeds with his well-known develomment of the trans-

 finite nambers aseordin;: to his three principles of gemeration.




Cantor seems to have seen, to zoms extent, the impliocations

in the earlier ooulmliona. tile inei utmﬁoo on the log;.tca.l‘
ocharucter of mathesatios is a tascit renunciation of the scisnce
of mathematios and an agceptance of a pure dialestioc to re-
placs 1t. i resard to the development of mmber he spoke ir
an earlier work (19) of "the dlaleotic ;eneration of conoepts,
which always Reads further and yst remaine free from all ar-

. . b?.tmﬂ—nalu.' nodessary, ;;:d' consequent” -whioch he  said hs had . -
arrived at ten yoars before. llowever, it is diffioult to sea
how such a number oan number the guantitative muitipliocity in
reality, If n@Mr is & pure ens rationis the searsh for a
“rigorous” demonstration will still involve diffiocultios, as
we ghall ave imnediatsly.

With the develoimeat of the theories of Weiorstrass, De-

dekind and Cantor we find a tendency more and more to connidor_
mathesitios as a"‘l'o;r,io". "Kumber” is to be developed from o
few "lorical oonstants”. Then, from this “number” the “contin-
wvn" will be "eonst;uctod". This dévolopmant has been carried
out by tho sehool conslisting of Frege, Peano and ~r. K, Russell,
Ve pass dnr. for the moment, the theory .61‘ number as c:fpoﬁndod
by this sohool. 1t will be taken uptn dotail after the dis-
oussion on the Mtum of mmbor in the second part. Only by
finding, out what merber 1s will wo be in a poeition to under-
stand the mﬁdorﬁ pr;oblm of "bridging the abyss™ or even to

understund why such an attespt is made.




