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THY, NATURE OF NUMBHR

Chapter I

Farlier, when we disoussed Aristotle's definition oy
quantity, we indioated briefly thut there were two distinet

spocies of quantity, tht oontinuous a.nd t)‘n di-orot.. In

order ta se® more cloarly the natun or di-cMo quantity

or mumber, some fupther oomidcmtiam are noeouﬂry.

*hen we eonsider the whole in relation to its parts wo

svo thut there are ocertain tlings whieh fom a homogencoul
whole whioh is suoh that axiy part has the sume nature ms the
whole itself, Thus, any part of a continuum is continuousy
ior, as w@ saw above by‘\tho nrgumontl of Arintotlc;, it ie im-
rossible that ary nontinuum be cdaposed of 1ndivil1blon, Sueh
a whole is found, to a oomih deyree, in physieal things.
There ie a sense in whioh it {am true %o auy. that any part of

watar is water, liowever, usvisristot)@ peinte out in his ori-

tloiam of spmxa;oras (1 l’hxﬁ.o@, ch, 4, 137 b 23), _tho phy-
- sieal quantity of any Thing ounnot Le divided beyond & cers
tain ma,nitude. 7The division of water into "parts” will fin-

"ully srrive at some point where we have the mn ilost "part”

which s still water. beyond this, any furtler division will

<

give ‘us parte which are not hqnog;mioouu with the whole,




This last division will divide a heterogencous whole
which is cueh that no part has the same naturs as the whole.
Thus, no part of a house is a house, no rart of a man is & man.
Hawtvor, it is not nooolnmry that the parte of a hetero;encous
whole be of different ratures from each other as in the exsun~
plcs given. 4 group of men is a hotorogcnooul whole bdeocauss
no part has the form of the whouls, On the other hand, each

'pa.rt has the same fom (h\lunity) a8 any othol:;;axv't:?‘xh;u;n; )
ocan have a hetorogensous whole with haforogonooul parts, for
example, a housej or we car have a heterogensous whole with
homogeneous parts, for example, a group of men. (1)

Therefore, when we apeak of a multiplieity certain dis-
tizetions are necessary, The ﬁultiplioity of parts can con=
stituts a homo;enecus oru heterogeneous whole deponding upon
whethey they have, or do not huve the form of the whole, If
we oull tho latter aort of multipliodty httcrohonooua, it will
be necessary to distinguish between @ heteropensous multipli~
city with hctorogonoous parts and one with hdmogenobul parts.
As we -hall sea, it 1s the latter sort of multiplioity which

ia found in numbor.,

It 1s important to notice thut the part, or unit, in the

heterogeneous whole, or multitude, can be oonasidered in two
‘ways: elther with respect to division or with roupsct to the
multitude whioh results from the divinion. (2) dhan we con-

sider the unlt wiivh respect to diviaion, the unit impliou




privation: it is not the whole, If we consider the unit
with respect to the multitude whioh it eonstitutes, it has

the pature of a principle and has & relation to the multi-

tude as to eomsthing prinecipiated and derived from this

unit: the multitude is wade up of unitas., ihen the multi-

tude is quantitative the parts are homogeneous. Therefore,

T in svoh & multitude the unit has a further relation to the

multitude; namely that of neasure to measured,

The reason for tiis is found in the homogeneity of the
unitl.v Yie have here not only plurality, but also "more and
loss™. Thip “more and less” implies an order. Yhen we pro-

soind from order, multitude is confused. I+ is for this rea-

son that there must bs, in the quantitative multitude, the re-

lation.o( measure to hoauurod.
ligusure oertifies us about the deteruined quantity of
thing. (3) This 1s shown by aristotlo in X hetaphysics
1, 1052 b 14) where he saya that "to be one” |

means especially "to be the first meusure of each genus"
and most properly of quantity; for it {s from t:is that
.4t las been extended to tihe others.. . For mensure is that
by whioh quantity 1§ known primarily; quantity as quan-
tity is known elther Ly ovne or by number, und wll number
is known iy one. Therefore all quantity as quantity is
known by the one, and that by which quantities are pri-
marily known is the none itself, 7Thus the one is tho
princirle of mmber as nunber, '

‘Therafore, measure is found primarily in quantity. Our notion
of meastre is gathered [ «imarily fros predicamental quentity
and then extonded to othor things insofar asy they ure guanti-

tative, either aotuslly or virtually.




imong the speoies of predicamental quantity, measuro is

found pdmmrily in disorste quantity. Tho reason ig that it

48 only here that we have a “one” which is porfeotly indivi-

sible. In the others the "one" is not perfectly indivisible
bocause it is not the "one itself" but sometiring to which the

one ocoun. Por oxfunplo, tho neAsurs in lonu,th is one foot;

in volumd. one bushel; eto. Thor‘roro, the rost ocertain mea-

sure will be the "one" which is the principle of mmber, be~.
oauses 1t 1o absolutely i_r;divisiblo. fhe meusure in the other
species of predicamental quantity will imitate ithis indivisi-
bility ineofar as it is possible. In solentific measurement,
for cmnmla, we search always for ever maller, and thus morw
prooiao, pmtical atum—ia\'d: of measurod. " The dialootioally

perfect measure of length would have to be the point. It is

for this reason that we say that there is po absclute measure

in continuous quantity. 7The perfoct measurs found in discrete

quantity will be the limit of the approaching indivisibility
and certitude of the measure in the othar quantitlies.

‘The measire in any genus will be that which 18 perfeet =
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in that enus; either absolutely or relatively. This is
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brought out by John of St T‘bnmna when ne speaks of etermity
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iessure implies perfscticn, since we allways take as
weasurs that whioh 15 most perfect In each genus, Wor
ia 1t necegssary that (measure) manifest the things wmea-
. sured aocordin; to the order found in imperfect ‘mow-
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ledge (namely our way of lmowing); but only by way of
something more simple and perfect by which the thing

measured is reduced more to unity and uniformity. (4)
This perfoction in the one princirle of number, is the reason
for tho attempt to reduce thu oontinuum to mumber and thus to

.the one. It i1s of the mature of measure to druw &ll things

. .-;,,,,.,,#.,’.._;_‘___4_39_;1,*.:-0_1!., dpsofar as it is possible. As John of St Thomas L t

sayy:
Insofar a8 a measurs is mors perfeot it will be more
porfecily united to tlat whioh 1t measuruss and {¢ will
‘draw the latter to itself insofar as it is posaible. (6)
tiith these oonsiderutions in mind, we are now propared

to take up the question of the pature of number,
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Chapter 1I

1. Th~ probles of mmber.

In X Metaphysies (oh. 1, 1053 a 30) Arigtstls says that
nunber is " plumiity of ncits”" and dannu it (ibid. oh, 6,

1057 a 3), "a multituds measured by cne". In tems of what

was eaid above, nuaber is a heterogsneous whole oomposed of

hanopnoouu part-. But it wul \n nooouury to oonaldor Jome

of the dttﬂoultiu which wero negleoted in thut ecarlier ex-
Planation., The firet of these avises from smmt that pune
ber a3 & pluralddy,

Therv are different kinds of plurality making up dil‘!‘or—

ent kinds of wholes. There is a whele which is ascldentally

ome, sunh a3 a group of indifferently diverss thinzs. Anmy
i Plurality whetinsver will constitrie at least a ibolo of this

l ’ idnd. On the other hand, thsre is a whoi. which is par 4o

g‘ one, Thia last will be either & whole which s per se cne
] S substantially, or a whcle compoased of thﬂngs which are die-
\ : o

I‘ ' tinot frou one another vt which are per se ordsred, Agnin,

this latter will be oither a whoio econstituted by per ce or-
[ I ’ “dered fdﬁﬁl"urriiiﬁié. such as any group of = Zbo_rn the
| first den odd mmbers, .tho "perfest” aumbers, tho mmbers

I_ _ with the sane mﬁn, oto.; or it will de a whele vhiﬁh 1s

oonstituted ly homogeneous terms. (1) Thereforw, since num-




ber 1s a plurslity, we must dctoﬁim whother 1t {o per se
one or only“ ascidentally one,

Lence, it will be necessary to zo Into thi: notion of
bor so unidy more in detail. wheneror we speak of plurality,
same division is implied. Thia division will be eithor forn=
al or material. when, for un;plo. the genus animal is divie

ded into man ané brute, we have a division by the form. Ailso

the distingtions betwesn musbers, as betwson 2 and 3, 04d and

even, prime wsd compoaits, are distinetions or divisions sec-
oording to. the form. On the other hand, when a continuous
quantity is divided, we have only materiul division: s’! {he
parts have the Lsmo fom.

Fram this éiatimfion, it ZLoes not gseem poqliblo that
th.n plurality of wumber is that of formal division. Formal
divis'on moans e 4ifference of fom and a difrferemce of fom
aeans heterogeneity nf the econdtituent parts ~{ the whole,
But this is contn: vy to the definision or quantity. ler s,
althovgh differoant nusbers are formally divided, the oconsti-
tuont parts of any singleo .umber mugt be haupgcmun, l.0.
the elements qua clements must have eingly, and each distin-

" §4ly, the same form. Yet, this eimilarity os form cannot be
the formal .pﬂmlplo of the unity of mmbor, ;'hc inhenu\!.
form of 1ts elamente 1s multirliod in the elamonta. Rense,
tale toli, is morln;ly many. Bui we are trying to doter-

mine whethar or not any nmber i3 one psr e or per aocidens.




If wo confined ourselves to the inherent fomm of the olmsxita
we would say ‘fhat ayy mmber is bud m unum per Moldma.‘
nowever, this vﬁuld make number indistinguishable froa a plu-
rality whose slements are formally and indifferently diwne.
ihat, then, is the proper prinoinle of the diffsrence

betwaon the aocidental whole of, say, péint and herse, and
the \mity_ of two hoemogenecus olmnﬁ of = whole? ESupely the

. bomogonedty 1s mot ind:fferent to the lYype of v}ho_i., At makes
up, as 16 shown by tho essentiel difference betwsea the sum

of fom&lly different things, such as point and horse, and

the swm of formally hemogenocor.s things, such as horse and horse.

1f muber is inlifferent to the heterogeneity or homogeneity

of its olcmonﬁ, it oan never be but asccidentally cne, Bug

this leaves its howmogenaity unagoountsd for. It does not ex-

Plain how 1 herse +1 ho}no = 2 horsec, where "horse” is pre-

dieated univocally of cach member of the whole, differs from

the ineffable sus of 1 point + 1 horse. If we presoirnd frem

the formal difference and eall the ln‘ﬁn two, “terms", we

would have oithor a ﬁmly logiul univecity, leaving us with

unity «oording to reason anly, and, therefore, accidmlg

or we would have a really accidental whole. House, the whole

ra.nina d-ply ucidonhl ~=» whioh gives us two du‘ferent viow=

points mani feeting the seme thing luﬂng tbs pmblm of the
difference boma our two rums,
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The identity of the fom of the elenentc 1# indifferent
only whon we presoind from the 1dentity, Henee, cooidertal

unity does not mceount for the pesullar whole ocnstituted by

bormogenecus elements. It ig not ascidental thatbtewo horses

are of the same speciss. The unity they thus sonstitute is

formally different frow an accidental whole. How, since the
acoidental whole which we defined is ehaymoterised by its

__ izdifference to the fom of its elemants, and since this dfe - -

visicn betwean accidental and per se 1s adequate, mmbar muat

be an umm por se. Yet, the prodlam remains: how ean numbey

be an umm per se’?
For most of the modern rhilosophars of mathematiece, since
they either prescind from or deny the striectly quantitative

pature of mmber or that it has to do with ugi'si:ro, these prob-
lems do mot arise, They see= to be satiofied im»: mmber is
opiy an asoldental unity., Same of them specifically n ‘oot
any attempt to detemine sueh queetiona. Thug kr, Hussell eays:

But when we come to the aetual definitiem of mmbors
we cannot awoid what must at {irst g#ighd svem a para-
dox, though this impreseion will soon wear off, We
raturally think that the elase of coupler, (for exmmple)
1s suavthing different from the number %, But there
is no doubt about the olase of oouples: it is fnduble -
table and not diffioult to define, wheroan the mumber
2, in any other sense, 14 a metaphysiocal eutity about
which we can never feel sure that it existe or that we
have Sracked it down. ' Jt ia thorefore more prudend to
content ocurselves with the eclass of oeouplos, whieh we
are sure of, than ¢ hupt for a problematical mmber

2 which must always reruin elusive, (2)

Sueh u-pcaliﬁon makes it vary diffioult to argue the

nature of mumber. With men of "prudence”™ of thilr'oort, it




will be noeessary to show that a more cereful exanination
of the naturs of the "number” which they ochoose as funda-
mental for mathsmatics, does not evern reise the problems

they sontinue to confromt. Wo will show this in a later

part of the prusent work. The priority of the notions now

undor discussion will booome evident when we show that ¢the

e e S .;:ﬂ!!bﬂ'.";:nf,!hieh,fthoﬁ;md.m_mun.-.wk.;;,. 'dﬂpk'M~“upon' e
that which we are here trying to determine. Therefore, %o

bring out more clearly tl.e nature of tha unidy of mumbder, wo

we chall rollv a disgussion of the dimoulticl eonaerning

this u.nity es founc inm John of St Thomas. (3)

During the peried u which he nvod —— th. first part
of the 17th Century e—- attacks wore almdy &ppoaring on
the mature of predicamsntal mumbor as set forth by Ariutotlu
attacks which indicated s reversion to a Demcoritean ides
already oritieized by Aristotle. (4) ivriters sueh as Fou-
seca, Suares, Vasques, and the Condmbricenses tnuy)lt that num-
. ber is not an wnum per 35¢ but only an umm per ucidoni. On
the other hand, tho disciples of St Thomas and Duns Sootus,

whils agreoin; that numher ia an umm per se, d.tugr«d in

explaining this unity. John of £¢ Thomas follows Admtle

and £t Thomms. lHowever, in his disoussion of the problec he

was sti1l able to “auppose the cummon (wmlgaris) distinction
between mmberin; number and mumbered mmber”. (8) Humdering
Bumber is that im the intellect by which we !nn'bor,' while nua-




bered number is the multitude itsel! whish is nmbered., Ob-
viously, when he speaks of mmber, he is referrin; to nun-
bered mmber which iz found im thimge rather than to number-
ing mmber which is only in tt;o mind. (6) |

In the first pert of his treattse he points out some of
tha possible diffioultiec to the unity of nuber. Ls gyas
that even smong thoss who, distinjuishing mmber from ocontin-

wous quantity, hold that it ic en urm per se in the ,‘5,‘“\’ of

‘qmtuy. there s scme difforenee of opinion as to Just how
1t is cne. To say, 2o St Thomas dooa, that mmber 1s one by
a unity of order would seem to make mmbar ﬁhﬁin ﬁtMr
than quantitative, Order, considered in itself, pertains ra-
ther to the prodieament .oi' relation than to guantity. To add
that it is the ultimate unit whieh givo. the form and unity ,to
mmber does not seem to solve the difficulty. _For, although
here the ultimate unit 1s oonsidered in its order to the other

uniss, it semms impossidle to determine any unit in a number

whioch would be more of the nature of ultimate than any other,

sincs, ex ltugpuit'im all wite are homogensous.

Again, he uya.. since mmber is sald to bo diacrete quan-
.tity, eShers (7) othors attaapt to find the Uity of mumber in
this very di.sorp'tmu. Then the unitas vhioh» make up the mul-
ut;uéo would be the subjeet wd.mmr of thia di-awtmlo.'

But, i1f this ig the case, 1t i diffieult to see in what way

disersteness is one formm simply in the gemus of 'quahtity.




Also, 1t is diffioult %o see how the subjeot of thic formn
oould be so diverse and really upnufod as are the unite
in mmber, Moreover, digoretensss seams to bs nothing other
than division; thus i¢ wuld not be a form meking a mumber
one im spesles, but would only cause the nultitﬂc as such,
But multitude as multitude oamnct be a por s¢ spesies cf
qunnﬂty.

~ - Fipally, he.says, some. (8) insisted that-what is fundg~ - - . — ,‘
mental in the motion of musbor 12 the nature of mereure. Thus
m-#n:- e mﬁbor has this natures of measure it is ono in the
spesios of q\untlty. But thi_a neans that 1nAm11ty number
is not quo.ntifative tecause the nature of measure is vemmon to
both corpornsl and incorporeal multitudea. Those who vould
talke this position will not be sble to explain how mmber is
a propér mearure of quantity, »

Having stated these preliminary difficulties, he proceeds

to give his own ideag, basing himsolf of Arictotle and &t Themas,

2, Nmber s an unuwm poy se.

H; says that it is eertainly the oconcluasion of Aristotle
that mmber whioh 1s compcsed of qusntitative units io & true
and proper speeies of quantity. ¥We saw this Atpoou‘:&oan,y in
th, passege quoted {rom V Mebtaphysies and th‘n} ‘,aem‘o dootrine
1s stated in the Catogoriss. The fast that mumber is placed

in & category indieate -  that Aristotle held that it has a
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proper inr se wuity, One of fho roqui renents that anything
be in & category {¢ that it be an unun ver se, Thus, if num-
ber is only an scoldental unity it must bs excluded from the
categery becauss in that case it has no per se definition;
conacquently, it ‘dou ‘not have only one gonus and orne &iffer-
enoe. This being vo, it oould not be phoo& in one ocatogory

besause & cataopory 1s an or’ination of genora and species uy

their differences. Moreoveyr, aristotle explicitly exsludes

"the possibility of definitions for acoidental beings im VII

kstaphysios, ch, 4, 1030 b 4. (9)

He says that thls seme doetrine is affi med by 5t Thomas
in many plaess. (10) lie ad:s that tﬁou who think thit when
§¢ Thomas says that tha uliimete unity constitutes the species
of nunber the wowds are to bo taken metaphariocally, ipnore the
many plages where he teashes abulolutely that mumber ip ~n unum

per se and is placed in the pndlomont of quantity. lie them

cites the very explieit %ext from the comnentary on VII Lota-

physiss:

Duality 12 neh two unities, but something oemposed of
two units) othorwise number would not be truly and par
e boing, bat par scoidens. (11)

. Por the analytical reason of the pery eo unity of wmumbdoer,
John of 5t Thomas baczes himself on the dooctffine of 5¢ Themas. (1%2)
Fusber implies trus extension and proper measure arising from
the divisiom of the conﬂmk, which tie multitude alome, ta-~

ken confusedly in the mammer of o heap or sgowsulation, doos
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not. This is becauss mumbor, founded uponl divided quantity,
‘has a true and proper measure sooording to extension ard

multiplication by which it gax exhauvst and adequate the parts

and thue tho extensicn of the continuim, Moreover, acoidimt-
al quantities like time and motion which aye quantified by
reagon of the magnitude in whieh they are, do not have this

propor measure and munlion. '\zrthor, mnbor dooe uot hnvo

this proper 1‘*uMo measure by reason of continuous quantitys

on the eontrary, it divides and dissolves continuity. That
the moasure of number is a measure in the genus of quantity
is evident from the fact that mmber has the capecity to nmea-.

sure sovording to the properties of quantity; i.e. by reason

of oqual and unequal, odd and even, and ascording to aserotion

5y,

and augmentation, Sueoh measure is quantitative., lere he
quotes St Thomaa as saying tout

nmbder, simply dpeaking, is that whose mmborod ptl’tl
make an aggregation. (13)

Thig, John of 5% Thomas says, is olear from the @act that by
numdering and adding units we cause uggngaﬂon u.hd Inorement
in an ordorid manner, i.os‘ vdth & measure of rprfor mdrpg-_tqrr-r
.1or.”thoro'roro. \n have extension, an aggregeted multiplicity
with an order of the parte, and the only difference betwaen
this and oontinuous quantity is that in the latte_r the parto

‘are united, in mmber the parts arv acparate. aind, ginse mme

bar is umtitutqd by unita, we have & s-scinl Xind of measure




and utculiou; Therefore, if number is quantitative, it
must be per se one, as wia lﬁown when we dissussed plufnlity.
It might soem tha$ sueh propertiss are found also in
any muléitude or collection. If we taks two classes, for ex-
eaple, one of which oompriscy a point, a horse, and an ides;
and avother which comprises the first three with the addition

of, say, & honess we might say that the addition of the house

raket the second oolleotion more than the firet, and this is
aggrogation. Alsc, wo micht say that the first group in odd
while the soeond is even. Lowever, it is importent to not-
iee here that we 40 not have extension and aggrogation aris-
ing from the division of the oox;tinum. a3 wo do in the case
of nmbder, The multiplioity in the example i- that found in
formal division. There is 1o homogeneity among the parts as
wo have in the case of nimber. Proof of this llos in the

faot that there ie no unit whioh is the principle of the mul-
titude given in the example. If we say that the eollection

is "threa” or "four”, we ﬂll be asked imnmediately: "Thres or
four what " The only possible answer would be: "Three or
fuur things.” But the. tom"“bhing,'“ is epplied differemtly to
oneh; it is not univosal, or if it 48, 1ty univoeity ia only
logical, as was pointed out sarlier. Therefors, it is not true

tc say that ons of the "units™ will measurs the multitude, beo-

‘Gause every measure nust be homogenecus with that which it

measures, 71his faet is recornized whan we warn students in
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arithmetie that 1t 4a impossible to add, subtrack, mulﬁply
or divide if the units are difforent in kind, |

In the passege cited above, Aristotle says that "quantity
as quentity is known & olthori by one or by nuaber”, indiecating
that in the prediocament of quantity measure proper is found
primarily in discrete gquantity, because we measurs the oontin-

uuwm itcelf by a nuaberation of the parts., Thus wo ses that

) L3 3 Co o

inmber which 10 {n the ;onus of quanJty wdds, over and sbove

the mensuration of continuous quantity and making an agrrera-

tion and addition of ome to amother. Thie is noct true of all

multitudes, corporsal or incorporeal, although we oan mmber
any multitude by uein; mmbering number, sometimes callad abe

‘stract mmber, as we shall ses later,

Another reason for maimtaining that nugiber is an enc per

‘se and thus an unum per se is tho faot that it 1s the aubjeot
of thw;o. As the proper objeot of a seience, 1t has a
definidtlon, Thln vosond reaseii, wideh {4 fra effest to oause,
is owhn, and in view of the widespread tendonay todsy to
oonsider msthecaties solely as a gume, probably will nct cor-
_ ¥y muoh eonvietion. But such an attitude is »,d’i'nast,emuu.
Vathematics has ulmi bgon recorniged as ths soiemoe rost .
Wrﬁiomte to our mode of kmowing. It is thua a tough-

stene for all methodoleprical difficulties. If this sciemco

L oo g o J 3 J L _J

e S mul G4 tude  commonly -so-oalled, - the-capacity-of exhaveting- - -
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iz now to lose its status, what happens to our knowlodge?

To try, ag some v, to foroe mathematios to ueurp the domain

]

‘of logic has lod gome to try to force the héman mind to adopt

as its normm the mods of coynition of separated intellects.

There were some who opposed this argument that mmber

3 C3

muct be an unun per se beesuse it was the ocubjeot of arith-

rmetio by saying that number is formally one by a un:lty of the

B

mind which apprehsnds mmbsr as if it were some one thing,

This sort of unity i1a supposed to be sufficiont for it to bo

an objest of sclence.

" But, either that unity found in the mind is formmally and

per se in mmber or only mocidentally as all natures, consid- -

ered in abstastiony, have a urnity from the Fniné insofur as:.

they are universal. The second is not ad rem hecause just as

universality 1s a oondition of the imowable object und is not

the nature iteelf which is ¢he Jmowable objest, sc also that

unity of the mind will be only a condition. If the first is

maintained, then nmumber is formally an ens ratiomis. With

‘this notien of number it iy not very difficult to fdentify

mattumaties and logie. But, by' 80 doing, 1% will be impoa- _ J

sible to distinguish detwoen nuntm"ad mmber and mmbering

mmber, oonosete Aaumber axd abstract number. Begause, if

' mmber hu'n"o;dfh_or unity than that of the mind, there will

be no other kind of unity than that of mmbering numbor, Thie

wus pointed out when we discussed plurality.




3. 1he ultimate unit gives the fomm and unity %o
rmber.

John of 5t Thomas next takes up the problem of the form
by whieh number has wunity. lio cays that that by which mmber
is an umwm per se As ot the multitude of units ar their ag-
gregation or diseretensss. This whele ic enly material in
mmber uid i, from this viewpoint, indifforent %0 per se ;r

per ascidens. As we saw in the discussion of plurality, thia

T T aspect alone does not show whether the multitude is one par -

se or per secidens. The par se unity of mmber is derived
from the ultimate unit insofar as the many unite are ordered
undey that ultimfo unit., It is for this reason that the
form of diserecte quantity does not inform all the parts in the
sene way a8 the fom of ocntimonn quantity, ‘The form of nm.;
ber orders the disorets parts, and they camnot be extended
otherwise than according to the ordination under the ultimate
uni¢, 7he unity of mmber {8 1ike the unity cf plase or the
unity of a river. Por these _rcuiun the sane oven thgough
she bodies in a plaee arc changing, or the water in the riv-
or is le ohenging. . |

_That such a unity is por s9 and no't”por aqeidonn is

E shown by 5t Thomas in his oesmentary om VII Mm;sh’ynioﬁ:

Semetinmes a emmposition io produced fyon meny things

80 that the whwle somposed of many is a cervtain cone,

as & house is ocapowed from 1%s parts, and = mixsed

body from the elements, Dut sometimes the cscmposite
. 1s preduced from {le many in sueh a way that the wlole




oomposed 13 rot one simply, but only seoundum quidj
as is plain in a heap or pile of stones when the parts
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are actual, sinee they are not eontinuous., Whense,
such a whole is simply many and one emly seoundun
quid insofar as thoso many are associated with each
oshor in plage.

The reason for this diversity is that the eoupo-
aite acmetimos takes its apeeies from some one thing

oomposition, as in a hoase; or the order as in syllubles
or in mmber. And then the whole composed must bs one
simply. But somedimes the composite takes its species
from the very mvwltitude of the parcs collected, as in

a heap or in tr: pecple forming a stato, and others of
this sort: an: in gush the whole onmpossd is 2ot one
simply, Cut omldy secundum quid. (14

[
e
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mmbe+ is material, and thus asoidental, the unity im mmber
ig taken from the ordering of all these units under the ni—

tinate unit which terminates tham, Utuech temination and or-

dination is only possihle bscause of the hoiogenaity in the

) 3

units, for this reagon, toco, ths order ls M‘msmly rela-

tive, but quantitative.

—

but here we have the diffioulty monkioned earlier, nam-

ely in what way i¢ the ultinate unit ocortain and designated

if in any numhber, say, four, any unit ocan bs the ultisate;

7

and how is it that it only depends uron the dsaigmation by
tho intellect numbering! The answer is that im the thing the
ultimate wnit is given in iis fommal determination aftd desiy~

pation which is the effect of Seminating and engloeing tho

2

units, but 1t is not given in its matorial aspest. Four doea

not go beyond four unisa, otherwise 1% would not be four,
But that this effact

and this effont is given in the thing.

ATy e s g

which ie either the form, as in a mixed body; or the i

¥

iy

S Therefore, sinee the multitude and dsecrsteness inany — - i




1

oome detominately from this or that unit is only material

or aesidentuly nny of the units oould exercige this office.

"Thus 4% is one ihing to be the ultimate unit as to desipna-

_1_;_'1_93. and apother to be the ultimate unit as to the effect

of termination; the second is givem in the thing, the first

can depend uron the aeot of desigpation of the intelleet. We
see something similar in the case of the sircle. Since 1t
iu a ﬂnito and detominod quntity, its oire\-i‘onneo 7111
have a boginnvix;; ;nvi;ldlo and end; ‘_l‘m;wthiou are not Mamin-
ed i1 all respscts by its vory naturs and can be variously
dnigmfod agoording to the va.rloun. points on the oircumfer-
onoe. lLikewiss the point in the middle of 4 line oan do var-
foully the bezinning of one part and the end oé the ether,
de; Jnding on the designation made at any partisular time.

The fulon for this is that the fom givingy unity in

theese thi#gl 15 nos absolutely designated, Wt only respes—

tively. That this part is the heginning or, ond, last or

first, is sald respestively, although 1t i3 clear that in the

%hing itself there is a given last and first, end and begin-
ning, %y the very faoct that the q\iﬂtity is l_‘inito. Thus we
#ay that thece are variable materially, but formally they

are fixed, because ’Qw formal reason of ultimate has the na-
ture of f‘om,. not matiers the others whioch are not ultimste
alwvayd lave bhis nature of matber snd the deberninable, Dud

that whieh v called Whe nltimate wnlt denominatively wad
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materially is variable in any particular denomimation. It o

is for this reason that the ultimate unit is a partial and 3

extrineic form with respest to the other units. For, al- i

“hough with the others it ecomposes mmber, it doos not do
80 as 1f oumbsr wers an ascident ocomposed pt mattesr and Som,
but rashur es & line dotermines a surfaoe and a surfuce dot- ‘ i i

ermines a body while all pertain together to an inte;ral

quantity. "r A

Jahm ef B¢ Thomas takes wp several objections both to

the notion that mumber is an unum per se anl to tho pnotiem

that the ultimute unit detemines ths form of the marder,

. By following thase objections, with his answers, we will be

able to elear up some of tie poosible diffisulties that sould

be raisod tc oup poeition.

4. Objections showing that mmber is nrt an unum
pex_se. '

The firet objeotion states that number is an eooidental
unaity becauss the guantitative multitude is constituted by
e division of quantity alone, all otlir forms are removed;
but wultitude alone camnot make an umm pér 0.

L——A
L ' " However, number is not oonstituted formally by divisien,
|

F | rather divinion by itpelf is matorial as dissolving the eon-

M tinvum, We have nmumber only when this division prooeeds dot-

— : erminately in sueh a way that the parts ars ordered under
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some ultimate unit as a measurs. Therefors, just as for the
continwm it is not suffioclent $o lmve any union of whatever

’ldnd. but rathey one whigh is ordinative end temirative of

tshe partaj so alec for diserete quantity, separation and di-

vision alone are not suffieient, but the parts sust be order-

od to one ultimato unis and thus determinod and made finite,

It is only then that wo have a spesial quantitative mcasure.

I4 is only then $kat the aix oues make one six.

Seoondly, 1t eesus impossible to have an urum por se when

the aultitude 13 oomposed of many things in aet. It ir for

this reason that a white thing is eslled an ssoidental being.
It 1s oamposed of white and subatance, both of which are act-
ual} alshough they are much mors united as subjest and for
than are the units in mmber. Therefors, bo@un mmber is

compewed of units astually divided, it muet be an socidental

N

being.

Lowever, here ezain we point out that while it ts true
that many thinge in aot cannot Le an umm per ae by the umlty
of form, still it 48 possiblec to have am umm per se by s
unity of order and measurs; just as in an artifect we have a
-unity, ag- one -house, frem many thing-r.tnl-ut. For per se
@w 1s attributed to axy thing which has its unity from

form, compegition or ordey, and this ir opposed to eocidental

unity whieh derives from the multituds as such. is regards




tie exumple of the white thing, the argumen % should bde oare
ried further. For white taken formally 18 an umm per se

and is defirablo by a unity taken from the fom, even though
domiﬁatinly it refers to a subject in which the white ex-

1gts, But 1! we do not consider is formally, tut rather the

third thing oonstituted from whitenses and the sudject, then

it ia ealled an aesidental bei=z. In the eame way number

ordor. it i an ascidantal bdeing.

Thirdly, unity is opposed to lmltitudo and destroys &t.
Thus L{f mumber 1s an unum per se, it cammot be a multitudo

Eowever, here we say that the unity derived from sontin-
uity or fom is oppresed to multitude and dvinioa. but not
the nnity of order end discretoness as it xt is found in mn-
ber under one ultinzate nnit terinating the order. lisnce,
tho. unity of order, l‘ound in mmber, presuppeses a multiplici-
ty, and this of a cortain }dnd; ramely homogeneous.

Finally, it seeans that mmber must Ye an umm per se

either with respaot to the multitude or with rescest to the

- dsereteness, The first is lmpossidle beoauss multitude as
such does not perts in to the gonus of quantity, mor is it

called a unity,

The ssoond coems similarly impossible heeause

&g diserets, mmber consista in the privation ef ecmtinuity

T “formally indisates the ultimate ucit under ome ordey, but if

wo take it for that which is aggregated fram the units and the
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and m- of parts. It is for this reason that Aristetle
@l in 111 Physies, 207 b 7, that mmber is many units, and
in VIZ1 Mietaphysies, 1044 a 4, that muber is not one but ia
like an asowmulation.

| liowever, when we say that number is a per se unity as
digorets, we do not take disgrote es privatively opposed to

continubty, for thus it i1s mothing more than division., Fka~

___‘ner, we take it ordinatively and formally insofar as it in- =

dicates diserete extensior under ore ultimate unit. And in
111 Physigs aristetle does not say that mmber is many units,
but rather that 1t is & certain quanity and more then oe,
becauss any m.nper is domomirated by one. Ihus in V Metaph-
Ysies, 1020 b 7, he says that the nature of sach mmber is
what it fs omoe, us tho nature of six is found in the fuot
that 1t 1s ane six, and pot in the fust that ¢ ia two threes.
Also, in V1i] Metaphysics he does not say that numbder is like
an ascwmulation, but rather he says that if numder is one,
either it is an soowsulaticn or we must uphili in what way
it 1s ono. 71his he procesds to do by polntljg ouf thut one.
part is as matter and the ofher. namely the ultimate umis,

ic as fom. - - '

8. ObEMim 'shovlng that the ultimste unit is
the form of paber. .

There ore also difficulties as to how the ultimats unit




speci fies the nmumber, and what the order of the umits is.
The first objeoction states that this order oan only de in
nany subjeets sgocording to a relation by which they refer to

. sash other and thus are ordered. Shus, this unity will be

egory of relation. JTo say that it iz a transesndental rela-
" tion rether than a pudimmd order, ud thus ean partain

to qmnﬂv, dou not ruol'n thc amulty. As a tremsocen—

doatal uhtion ito whole being mld not eonout in being
related tc some torm but would have something else besides;
as matter is related ¢o fom, but is something more than this

. relation, But {f the order is found in sush a reiation, it

will nod give a quantitative umm per se; because either that

quantitative order is the plurality itself of dividud quanti-

ties or some diverse gqua ntity supervening. In tho firsd
sase, maber will be only a multitude or an ssowmulation and

pot an umme per so, Ilo fho second case, 14 will be diffieuld

%0 see in what way that quantity ie in diverse subjects, or

1f 1t ic in ome, hoew ¢ sould affoct all. Nrthomoré,.tho

ulsinate wnit cammot be the form of mumber bocanse either that

cause it 15 the ultimate. It canmnot apoocify becanse it is a

wnit, Degause in that case even sha firss uni$ would speoify

the nuabders moy ean it npoouy because it ig:the vitinaite,

tecause this d=signation fs derived fyem the intellest., Om

one of relation, not of gquandity., and will pertain to the cat-

“ulvinste wnit specifies number mz begsause it is a unid, or bes -

T




the part of the thing mo ome wnit ia more ultirate than any

other, and witheut a deternined. form there commot be s det-
szxdned cpooﬁ 28 _ |

However, this argum:ent overlooks the fact that tho fom

of mmber whigh is the ultinate unit is not a fom inhsring

1n all the units; but still there 15 in the latter an order

to the former.  Mor is this only a relative unity of order; it

1. uho qusntitativo. But it is not qmtihuu besause of
“some quanbity inhering in all the units, for thus it would
be econtinucus quantity and number would ha\'n a unity of fomm

and pot of order. It 1s quantitative bocauss 1% gives rise

40 a now hﬁd of measure and of discrote extension) and this,

whioh depends materially on ocntinuous qQuuntity as body depe

ends on surface and on iino. is called a gquantitative ordor

because formally it indicates a differnt mossure orv' sxtsnsion

and aggregation, And therefore, mmbor, insofar as it edds a

special reascn of measure whish im o disorwte mamner exhausts

oontinuous quantity, is found only im the genus of quandity,
‘1% 1is for thh roason that the ine vuoﬁ is eomvertible with
being oonsists in the lack of diviaion alene, while ﬁu» Ba-
. 4urw of the one which is the prinoci;le bf'hﬁidr'do@ciflﬁ'u in

measure. For this reason the unity of order in mmber is dis-

tinguished from the wnity of an amy or of a eity, which aro
ascidental beings, ly the fact that in the latter we find znly

the erder ef realtion, which is net suffielent for per se unily,




_orete quantity., For the seceond part of the aryument wo say

1¢ is pot eufficient because nhﬁu foxmally oonserms many
torms, and thio the u.nity of order is taken ruther froa plu-
rality when it {s only relutive. But the unity of quantitative
order, or of extension in mumlter is not only a unity of ‘nh-

tien but a distineticu of units under ono ultinats unit, under

w_x;ich the others are ordered and onclosed, #o that they intro-

‘duce & new way of measurbng in exteusion itself and in dis-

that that ultimate unis specifies mumber not only because

it is & unit tut besause it ie tho ultinate unit, Horsover,
the nature of ultimate in its materiel designation is derived
from she intellest, and this docs not speelfy nuaber foreally.
But as %o the effect and formality of ultination, mmiy_mt
all unite are euclosed under a Momino,d-"t'om. suoh that it
does Dot remaln an indsterminute and lndoei-ivo mumber, thie
is found in She thing. Aud whem it is objeoted that without
a detemmined form there is nc determined speoiea, the reply,

from what was sald above, iz that without a determined fom

at leaat formally, there is no deterninad effest. But, ir

the tomuuty i detormined md the material dui;,muon is

usdetermined, we have simply a deteruined lp“iu in the things

Just as we hava the unity of a river in re, altbough materially

she watsr is Dot the same but nmow %his, now that. {15) Stdll,

besause the ﬂnr flows along the same ocurse im the same suwe- -




cossion with respest to the river-bed, it recains the same
river. And 1t 1s the sams in regard to th.'\;nny of place
in suesseding diverse surfaces in the same -ubﬁuwo. Thus
the diverse unite ean susoeed sach oﬁhor hy designation of
the intells ot in the seme reason of ultimate, and tius they
have a unity in re tormally, althouch not materfally.
Secondly, it {8 not olear in what way the ultimate unit

1a uiited %o the othor units 80 as to make an umm per se

with then, For 1t 1s not ths irtrinsie form, as was said,
hat 1s extrirsic to the other units. loreover, how oould
a unit in Maing, ﬂa‘r umnpio. ben uniﬁod per se with a unit
in Califormia s0 as tv constitute one two?

However, thia is not too diffioult. Sinee any units in

nunber are supposed as divided and separmto, it will nake no

difference whether they are very far apart or whether they

are noar., They are not united by a union of continuation or
eopulation, tut ky a union of Qndor and of diioéotu:un. in
which the one is relatsd te tho other by reason of a quanti-
tative addition. HNor is 1t mecessary here to léok»for ano-
ther intrinsic form) '!‘or'uwpbtr does not have unity of form
but rether the unity of quambitative order from discrete

quantity, insofar as it introduces a now reason of measure

formally im the ultimate unit -nd presuppositively 1i the

m_r'o
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Thirdly, 1t seems $¢hat eithor the umit which bsoomes
the ultizate is Ly itsel’ the foiﬁ of number or Ly some-
thing added. IZ by itself, then mmber adds nething over
and above urity, because any uait by itsel? suffices to oone

stitute nmber, even gboug!z extrinsioully other units are

supjosed., If Ly sometiding added, tl.is must LG explained, i.

e, whether it is a mode or a thing, whether it is found in

all unite as sush or whethier only in soms one when it beoumes

this designation from the intelleot, we will not have some-
thing real resulting from this,

lowever, it must be noted tlat the unit as such ia the

inadegquate and partial matter of number, dut as ultimate it
i1s the form. And further, the fact that it is ultimato as to
the effect and formality of teminating mnd smeflosing wll

the units under the term of a dmminod mmier 18 found in

leot, Also this termination or mature of ultimate iaz truly
something in any Mami.oﬁ mﬁmr, bocause this offiee of
enelosing and teminating the units under the nature of aune-
ber, 0.g., the mature of five or six, is sruly found in the
$Shing. Also thiz natuye of term aoems to be a mode by whieh
the rumeining units are terminated, ec that thcy are éooﬂun-

ated and coextensive ia the mmture of diserete oxtansion,

"~ ultimate. Dut even so, ia the latter case, siuee it will have

the thin;, although the material designation is frowm the intel-

L e meireea e,
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rmvod fm tho othor unitu. thon oithaf '1t vohld h.vo that

=80«

which is a new termination, Nor can suel a nature or mode
be serareted from the divided unite iy Jeasvn of the faet
that they are dct-omimboly divided in ast, because there is
no detormined diviasion except by positing u tem., And thus
the ultimats unit umiur the formality of ultimate is nct sep-
arable from the others with reapeet to which it is ultimate,
whless we deztroy the mmber and go from five, for sxample,

to four,
Fimlly. it seems that if this ultimate unit be Saken as

mode of m—ber/thnt by which it 1s the form of mmber, or it
would not have it. If it would have it, thea the faot that
1% 1s ultinate and that it is the form of mmber _oaaio- to it
from the 1nto_11¢e§, and thus it is not something real.
liowever, in reply we say that the faet that the un_it
lop@utod tron_th; other units does not &vo the nature of

ultinate arises not frum a defect on tl‘w‘part of the unit so

separated, but from a defect of the others which are neceesar-

1ly presupposed and required in order bthst it bs ultimate.

And whan it is inforred that to be ultimate is nothing other

| than a dosipgnation lvy the 1ntonoo§. wo .!'0!'"!' to t;hi diptinct«

“fon made previously: this is true as regards the designetion

of the matorial unit which is here and nov taken as ultimate;
ut false ni regards the effaot and fomality of termimmting

and emoiosing the units under the nature of a sertain measurs
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and of disorete extension. And when it is sa’d that we
only require the positing bt many units so as to have mum~
-ber, we say that materially or on the part of the natter we

require only a plurality of units in nmber, “but fomeally,

namely so that number add a new reason of extomsion and dis-
orete measure, something nore is required; this ic the order
of units under one ultimate, tornimthig unit which i3 the

quantitative order, as was -zvldjnod.

subject of aritimetio, we shall next oonsider how it is op-
posed to mmbering mumber. This is necessary because of the
faot that for thu modern philosophers of mathematios only the

latter is cons’dered.

__.._taving thus gome into the nature of mmbered mmber, the




- Chapter 1XI

Earlier, when we pointed out that musber is found only

e se

in the quantitative multitude, we said that the non-quanti-

tative multitude oould be mumbersed Ly numbering mmber, or

10 ¥t e s

abstrast mmber, Thus the multitude constituted hy point,

e

i

horse, ldea and house is said to be "four". From what has

o LR L

“beon said, it ls oloar that thias four is not an umn per se

SN

womocas-1e-four men, -for-exeample; -beeause thi ultimate wnit in the ==

first four carmot oaelopo and tominute the others nz doea

g

the ultimate unit in four men., Still, it is plain that there

is some kind of timimtian‘, because we call the muititude

four, and not five or six. To find out Juat how we mmber

B T Sy

- such multitudes, we start from the statement of Aristotle in .

IV Physies, eh. 11, 218 b &

Nunbsy is of two kinds: for we call thut whieh is mm-
bered and numerabdle, nmwmber; and also that by which we
" nmmber,

Trerofore, what i3 actually nmbdered or what is numorable

is ealled mmbered mnbor. as ten men or tem horses, because

the mmbor is applied to numbered thingne On the othor hand,
number taken .baolutoly, by whio.’n we nuabor. as two throe,

Mr, is oanod mmbering mnbor. (1) This httor 1o also 7
sallod variously, Abcoluﬁ, simple, or abstract maber, and
sometimes the number of unite, (2) It ia that by means of which .

we ocount or mumber and is found omly in the intellect; as op-




posed to mmbersd number which 1s in the Ahings mumbered.
;t is callsd absolute bdecause i3 is mmber oonooin& cutside
of any aubjeot, it abstruots from the possidle subjects. 1t
is sﬁply the mgans by which we can .ntwn ';v;-dioamhl nuR-
ber, and thus noshing other than tho *reason of mumboring in
the intellest” (3). 'herefore, it will be neccssary to dis-
tinguish sharply between "two" as e “"reason of m&&g‘.
and "two" which is prodiianwtal number, 1.0, a mmber applied
“%o things, as "two men" or "two dogs" ‘.*'"‘".' e
Ve are now in a' position to soe in what way we "mmber” a
hon-qumtihtivo or transoendental pultitude. When wo are
faoced with suoh a inmltitudo we +ry to reduoe it to asome uni%,
Failing to find a true quantitative homogenelty in it, we look
for some quantitative aspect. Ve saw above that it was of the
‘nature of quantity to be divisible, Now, although thia divi-
sibility whieh is proper to qu.ntity is found enly in tl;oaQ
things which .fo homogeneous in their parts, still we ocan con-
sider other things as divieible and therefore in same way qua~
ptitative, which are only divisible or divided aeocording to
something extrinsic. Thus a virtue is vaid to be divigitle .
~and to have the nature of qmntity_!w the mw}c and division
of its asts and objoots, Snch‘qmmn-y is oailod flrﬁngl.

Furthermore, virtual quanptity may be bither discrete or con-

tinuous ) fér cxsmplo, 1 we consider a virtue soeording to
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the mber of the objeets we have disorete virtual quamtity,
1f we eomsider the virtue monlug ¢0 the intemsity of the
ast with rogard to the pame cbjeot we have oomtinuous virtu-
al quantity. (4)

Nov in the t'mnuondonul multitude we have divisibility,
even actual divigion, liowever, we are adle to eonsider the
units in this rulid bude only with respeet %o the divisien, 1.
as \mdividod in %hanlvu and dlvldod fm othors. When we

apply mnbortng runber to this mltitud. we m a eomin und o

of measure. In absolute or mmbering mbor the p_luunty hao
'n'kind of eampositien and aggregation whioch is less eortain
than the i vh;‘-oh is its principle; therefore, thore ig meo-
surability of such a multitude mot omly as %0 the inellect
but alse as ‘%o the thing. (8) Sush mnnbiuty. however,
vill not give us mumbered mnbﬂ' bouwu we eannot attain o

unit ix the t.numdaa’hl mltitudo which will formally en-

elose and teminate the other units. The units lask the quan~ ‘

titative order found u prodiounntﬂ nubar. The point,
herse, idea and house will be Mr ones only. while four mea
will be one four. o

Mt BeFe 18 might be objected that there can be no dis- )
ﬁuthn betwoen nwmbering mmber and mmbered mmber, nimci
the famr. as woll as the hmr. is measursd by one, whieh
was tho definition of. n-bor given absve, Puzther, if 1% bo
-d.d that m'-borlng mmber 10 in tha intelleet while mmbered

SR .
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Ambcr is in things; we point out that mmbered mumber,

the subject of arithmetio, is also in the mind., As Aristo-

o, i st 3T 3 g e T 2 Tk T i

tle said, mathematios treats of quantity in abstrastion.
ObJects so eonsidered oannot sxist in roality, but oaly in

the mind.
anr. in reply we say that the messuro ef mmbered

mmber s ucordnz to quantitative order, whno thet in

mnboring number is M. In mborod n-bor we have o mul-

titude uunnd by ore. The "m here 1- tho u.\ﬁnio uﬂ.t

on ths part of the mmbor itself, Numdering mibor. on the
other hund. doas POt moasure the multitude constituting it,

but another multitude, i.e. tho mmbering mwmber is itself

_messure with respect to scme measurable multitude and is

thersfore wholly extrinaic to the multitude mmbered. It is

]

J pot, as the ultimate wnit of mmbsved mumber, intrinsie to
1 - the mmber in which it is ths measure of the multitude. As
u , to the objection that hoth pumbdering mmbor and mmbered mm-

ber exist in the mind, we say that mmbered mmber is im the
. .telloct sscording to puui"n fomal abstraction; whereas

i mmbering mmber is from the aind as .n cbjedb.

AR
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l' o ‘ -~ -3¢t has beem the failure to oconsider this distinesion be- .
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J , twoen nmumbsred muiber and mmbering mmber whioh has led the

| ‘ " moderns to their "logical” theories of mathemasios. They

] ~ l _ ‘ treas, for the most pary, with punbering mmber. By ®o doing, -
- - Shey find themselves fused with insoluble diffieuldics.




Chapter IV

IL an artiels oa Frege (1) H, R. txart points eut mt
tor Frege mmbers are neither pmmiod entitiea nor do thq

refor to a poyohioal mto or process. Rather,

scommber is neither spadial and physical, nor subjective

and mental, but non-sensible and chjeetive, like the

sarth's axis or the csnter of the solar systas (Grundla-

gon, seo, 26). Thinking, it seems plain to Frege, cro-

srmans s et -nene of these 'odjestives't rather, they are eter=
nally ‘there', metaphorieally speaking, %o be thought
about. Henee any attempt eithar to detemine the mature .
of mmber genstiocally, or to trane the historical devel-
opmant of the mmbor-oconespt, and im €his wige to 12~
quire into its posaibles derivation from more slementary
but leas precise ideas, Frege rulas out adb initis as bg-
side the merk., Like Balzano's Ldeug~in- selves,
whioh Froge's 'objestives' quite clesely resaable, math-
‘ematioal entitivs are thus assigned to a special, sas-
rosanct realm of %eing, not sudject to the vloiuumhu
of thisg aarth, which the fortunats spectator mxy disco-

. ver and mmﬂnphto, ard, 1f constituted likc Dert:end
Euseell's “free man", wonhtp froa afar, (z) '

AS nm glance, it might sseu ﬂwt Frege was trying to
deeeribe the way in whish a mathometisai q‘aiddﬂ.ty existe, and

thus to be salking of mmbered ramber. but in & leter pulaga

My, Smart shows thut tois is nut %rae:

Now it somms o bs Frege’s comtention, though this is
nowhers cxpressed with anything 1:ko the desirabdle ola-
rity or convinoing srpumentation; that ennvepts, ‘'ob=
Jectives', heing neithar msntal ner rhysieal, oan thare-
fore enly bo desorided as purely logleal ontities. It
follows ot ones fruom cuech oonei derations, that mumber,
ow predicable of, or applicable to concepts, is also to
e iroluded wishin the general aphere of logie. Or, to
pat 4% in another way, since tho stbiset matter of voth -
logio and mathematiss bdelongs to the sore roalm,

are to all intents and prauposes huopcmblo, if not 13-
or sieal selensvs. (3)
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Mew, 1f pumber 1s a "pure logloal eutity” sueh that "tho |
subjeed mattor of bokh logie ead mathematien uloﬁu %0 the l
sane realm”, this eannet be what is desoribed by Aristosle as o
mmbered numbder, BSush beings could never have a quantitative ' ‘ ‘]
order such that by addition they would exhaust the quantity 11
of any thing. ' | |

A% a matter of fact, when Mr, Smart desoribes F1age's no-

tion of nwsder more in detall, we get a dourtﬁﬁon. not oi

. meabered muabsr bus of mumbering mvmber. In fast, it ls.so.. . .

definite in this regpeet that it deserves quotation in spite
of the 1“‘“.

eeein order to dofine munbors “we must olarif{y the
meaning of tho propasition, 'the mumber (Zahl) which
applies to the voncert F is the same as that which ap-
plies to the vsumoert C'; 1.0,, wo must reproduce tha
content of this proposition im emother manner, without
using the exprossien, 'vhe mmber (Ansahl)} whioh appliss
to the soreept. F'" (Grundlagen, ses, 62), Aseording ¢o He
Frege it will be found that this clarification will fur- . L,
ther yield s general eriterien for deterlning the egua~ i
1ity of mmbders, for grasping a determinatse nwmbor as .
such, snd for bestowing & proper name upon i%. :
But to be able $o assert the propositiom Just form= = ||
ulated is tantamoust to being able to anwwer tim question: N
when do the concepts (a.‘, ¥ and C above) applicadle < 14
teo eolleotions of objeets (e.z., those ‘falling umder’ ;
ocneepts F aud C) have the sso mmbder of terms ~~e or, :
as would ordinagily be said, the samo extension? aind s
the answer is3 When there eim cotains a one~to-ose re- o
lation between all the terms of the one colleotion and oy
all tho temms ©of ths other; taken severally (ewoh &8 - R o
thas which holds, for exaiaple, of the colloctions ‘kus- z :
‘bands' ard 'wives' ‘3 mopagsmous oountric¢s}. Finally S
thia "similarity” of two such ¢ollections w=- to use
Ruseelliam langunge ==~ leads to the definition of the
sumber of a given eollection (extensicn of a givex comn-
oept) as the olass of all collesctions that are similar
(ctand in a ons-tr-cue relation) to it; or, more pre-
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cisely, 'the mmbder of terms ix a given elass’' is de-
fined as She equivalent of ‘she elass of all olasses
that are similar to & given olass', Tius ‘two’ 16
'the olass of all eouples'; 'three', 'the elass of all
Sriade”, and so forth. PFrege contends that this exten-
sional definitien follows from, and eonfivem, his view
that mambers are te de predicated of vomocepts, that it
Yields she usual aritlmetiusl properties of number:,
nuno and infinite alike, ard that it appliesy to /0°
and *1', which are cftom Sreated as sgsoial cases, in
the samo mamner as %o all other mumbers (of. Srundleren,
sos, 62 ffo)o (‘)

Ny, Smart, in ro*owung sugh a thoory af mnb-r, doss uya
Tho lu'ru of 'Y tmo are ponouod ot vu'io\u proporuu
jua leaves, or intrinsically; but Shoy are mot numerable
Sua leaves, but rather only besauss and in 3o fur as
. are phonomenal objeots quulitatively or intrinsieally
distinguishadble from all sther such objesets, and at the
saxe time only extrinsieally or quantitatively distincu-
ishadle from, and related so, each cthor. (8)

But, while appreciating the nmc_-ity of a gquantitative basis
for mmber, he holds a motion of the soience of matheratics
which debars him from ever seeing the true nature of the math-
enationl eonsideruticn of quantity. For he saym:

" From the point of viow of mathenatiocs as a seienca, and
that means as a progressively developing body of how- -
ledge, the very attempt tc fomulats a definitive de®ini-
tion of rwmabdber is bacieally mistaken. No dofinitiom of
any solentific oonoept can be more tham provigional and
tamporary, and no solentifio definition ¢an have mors
than rregaatic sanetion as a workin; imstrumentality of

Here, Jnidu sppnpmtiag the name "soiemee” to ﬁmt di-ch
‘pline whioh pnmdl lvpcthm“ny, ha oonmaoa; the nature of
: n’.‘.b-ltiotl entities und m‘#uml bsings whhh are qu-mti find
midcmll,y. as time and pxuo. (1)

' 84imoe Bortgand Russell professes o follew 'rege's def9

_ 4he ncaonu at any gim stage of Hu dsvelorment. (6) ,
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101104 of mmber, it sesms that he also refers to mmberiig
mmber rather thau to mmbared mmber. This is further som-
fimed Ly some of his statements about mmber. (8) Le says,
for example, "A plureiisy is not an 1n-mco.-of mmber, but
of some partioular mumber,” Again, ho gives an sperational
definition of number which indicates ﬂmt b+ means that uy
which we mgbor rother than mumbered m-hort “mmbder is a way

of brln;ing togothor osrtain oonootion-. n-uly. thou tbnt

"it follows that the last mmbsr used in sounting a collection

is the number of terms in .tho 00llecvion, provided the eolleo~
tion is finite", he ebviously is referring to the quasi-measurse
which 1« found in the unit measuring mmbering mwmber, For he
adds hnudhtoly tlnt omr is net of the essence of mmber:
1t 1q/lrm1ﬂm Aﬁiuon. an unBecessary oo-pnoctiua from
the logical poins of vlu." Therefore, if "order is sot of
She essenco of numbder”, the "last mmber used in ommtin;;" will
'mt omr the ether units under itself, uu.ng an unum per se.
But this is presisely the case in numbdering mmber, as was
pétntod out, Purthermore, he cayss
- Wo paturally think that the elass of oonplu {for mplo)
is something different fwcm the rmumber 2, But therse o
no doubt about the eiass of eoupless 1t is indubitable .
and not diffisult to define, whereas the mmber 2, in any
other sense, 1s a metaphysical entity adout whieh we ean

_ never feel sure that it exists cr that we have tracked
1% dowmn,

1 e el b g et b e e b e e et 2 5
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" fast that the tem of the eons ideretion in sweh a generalize-

' Yhis hes been noted by some of the modern writers:

‘Also Peasook brlnp out this seme point 1n s Algobms

Therefore, whea he says that “he mmber of & elass is the
elass of all those elasses thad are similar to it" or thas
“a mumber is anything whioh_ is the punber of some class™ he
is ntbnﬁng to numberin: mmber, if he is o make any lm; ,
at all, | | i

Furthermore, the result of the modern “gemerslisation” o

of nuzber oan only be mmbering number., A sign of this is the ;

tion {8 not m-bor,' tut the opontiou por!hmod with numbers.

Ro@tln mmbers, mcinary n\nbon, q\ntornion-, tmnn—
cendental mumbers, matrices, have been introduced into Hhg
the domain of mmber beecuse conimuity and universality e
of treatment dwmanded them, But they have been dasipg- b
‘nated as “"mmbers” beeauss they share certain abstract L
properties with the more r-auu instanses of mathenma-
tioal entities. ' 0t
Generality of treatment 15 thus an obﬂ.om goal of 3
mathamaties, But it 1s elearly a mistaken idea to sup- B
pose that the definition of "mmber” as applisable spe- HE
cifically to the cardinale 1, 2, 3, and s0 on, has in i ,‘
scae sense been“extended” or pnounud" to apply %o
fractions, irrationals, and the rest. fThere ic no gener- S
io definition of "mmboer” of whish the cardinals, ordin- ol
als; fracticns, and s0 on. are special instances azw? ‘ v
in tegins of the formal réies of certain "ope ens”. b
Tt 1% in virtue of the permanende or invariance 05 theso

formal pnponln Shat those emtities are all "numbere”. (9) .

The zumbers which are the objests of Aristivastieal
Operaticns, are oomaidered as abetract sc long as no i
speeifie nyopertics are assigned to the units of which b

they are comrosed and eono under all other oircum- i
. stanees, The notntion. r, whioh we adopt for the I
purpose of representing mumbers, generally supprosses 5
all ceucideration of the wpeeific preperties of sheir i

ocomponeut urits, and consequently indicates no distiro- B




" $iom in the operaticns to de perfommod upos them, Tl
whether they be abstruet or comcrete. (10) C

Suoh a goaounut{on of number is only poniblo ﬁ.f mmber 1a

defined as the ohu of all elasses having the samo nmmber.

R OO

But this, as was seen, is mmboring mmber, ’hororon, any

system which beins its condideration of mmber with this gen-

oi‘nlintioa oamot m-uéo' a% the mumber of muuuc.' It 1a

tor thh reason mt we uy th.t th- prohlm of the Mom

PICERN N

mathenaticians are insoluble, They are 1m1&blo in the temms

Kore than that, sush picblm.do

in whigh they are proposed.

not even arise in a eonsidesmtion riatrictod $o mmbering ruwm-

bsr alone.

1f we 'rutrict our nbticn of mmber to the mmbder of &

: alul, probla ot "shrowing a bridgo over tho abyss te-

tween the mmeradle infinite and the eontinuum”™ is not & pro-

. blem, More than that, sush a problem camnot peven be posed.

.As ve saw in the beginning, this problem presupposes a

heterogeneity in mmbers sush Shat they are specifically dif-

1t further supposes that the oom-

ferent, and thus discrete.

Sinuwm 4s *&ugm'—and» thus eprosed to the hebe-ogeneity -

of mmber., But in order t&t our mmbers be heterogencous,

" eagh must have . unity in iteelf sush Shat 1% is spooifically

If nunber is 4 olass of all olasces

i fforent tru uv other.
' u-ihr %0 & gives class, ur. Russell has rlgh*uy said thet

the spesifie difforense of any mmboy caniot come from its
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zature, but must be derived from its relations with the

other mmbers. (11) But ne han failod to see that taidng
mmbar in its aspeot o.(‘ relation nakes 1t u.uoldcnhl
being. If the mmber three has the nature of "thml"
only bYecause 1% s greater than tw md less than nu four,

thm u only mtdwtany one, It 1. lpooiﬁod by that which

is extrinsio to its nasure, Similerly, when Dedekind says:

If in the eoncideration of a aimply finite cystem N set
in order by a transformation f§f we entirely neglect the
special eharmaoter of the elements; siarly retaining
©  thelr distinguishability and $aking inte aseeund only

the relations %o one another in which they are placed hy
the order-setting transformation §, shen are these sle-
ments ealled matural numbers or ordiml mmbers or -hplq
mbor! XX (

the order in mmber is mcthlag mum'q. ‘The “distinguish-
ability™ here ia the multitude coueidersd as a multitude, and,
a8 we saw above, es sueh 1t cannot be the principle of a por
se unity in rusber, -

I¢ 18 true that Mr. Bussell, with eharacteristio confusion,
fiils to cee this similarity between ha own definition of
nmber ané that of Dedekind (18); but shis is clearly pointed
out by Cassirer. (14) The lattor m a olear view of thef
10519 of the pultton that only mmbering mmbers uin,
draws his moluuona aceordingly. ' As e says:

- What 48 here prmud §s jJust thig: that there iz a

- sysbem of idsal objeets whoss whole oontent 1¢ exhausted
in thoir mutual relations. ZThe "essence” of the mmbors
is sompleteyly mxims . expressed in their positions, And
the oconesps of poeition must, first of all, be gresped
in ite greatest logiocal universality and seops. The dis-

tinetness rocuired of the eleuents rests wpon purely oon-
oeptual and not upon perveptual conditions. (185)
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. of a formal quantitative order. It was the failure to com- . .

This position follows logieally from %ke exslusion of

quantity from mmber, If Dumbers are mot quantitative, they

camiot have qualitative differences, because the latter can

only be found in mmbers by reason of thoir. quantity., As we

saw carlier, three Ss what it s and an unum per se hocause

sider this that ghve roﬁo to tho sarlier objoo_ﬂocu which.

etated that mmber 1s only an acoidental being. (16)

Therefore, 1f mmbders have oely an uqidqnhl unity, there
ie no problem of ih}owing a bridge bstween them and the contin-
uwwm, In this prodlem we itgrt out by supposing that mmbder is
heteregensous and the mﬁim, homogeneocua. If, now, mmber
iz only uoldmlfully Mongonnui. that means that 1¢ is in ae
homogeneous. Iut then there is no epposition between n.\abol'-v
and the continuum: both are homogensous, As v'nn..lbdimtod
earlier, Qh‘t we have hou is ﬁ "pmdob-pmblm" wijich arises
frea a failure %o auunguuﬁ the tems involved. Im this
respect, 14 may be true %o say that thers is a certain eontin-
ulty with the Srebles of Zane. fiewsvar, it should be reesbered
that Zm played on the »confueio.xu_ kin tho ohjeoctions of He op-
ponents., The no.d‘.rn.ph’l losophers o_f‘ mathematics eannot oredit-
with sueh insight. They pesit thair own eonfusions.

By the log.to'ot;’ their pesition, the moderns are ‘oven for-
Viddan v pose sueh problems s they do. If all heterogeneity

s extrinsic, they eamnot speak of any real differences. in num-
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der. Thus, to dhﬂaguish even betwocn "natural”, “rasion-
‘al", irrational” mmbers, can have no meaning, MNany of the
modern philosophers of matheuatics hesitate to take this lo-
£loal step. Yoat of them, while adbitking that 2 = —:—,’
| insist that the first is a "natural” auwmber lmd tho sesond a
"tnét’.onsl" mmbor. But what does all this eireumlosution
Rean? IT they arc equal, they oan have no intrinsic differ-
ence; if they are intrimiﬁ;lly different, they ocannct be equal.

Fquality properly means identity in qthy.

e P e ,; il ,;Lh_i" b.,.itw, ,1,'; ;g‘),. ,t,o,, !,h,‘ M_tlgt “r i“.t,:md.m e e

philosophers of mathematios, numbsr has some sort of real het-
erogenaity. They seem to fesl that there is something in the
pature of number itsslf which makes it noemuryl to "generate”
one number {rom another. iios¢ pmuoim; ﬁthdatioiuu find
it diffioult to follow the logie of Cassirer to its eonclusion
in idealiem. One instance of this was given in the guotation
from Yr. Su;rt,'whon he insisted on a quantidative basis for
mmber.. It is only with such a basis that "twousss® is spe-
oifioally distinet from 'thmnc.n';. nnd will thus roquire
"generation". The very attempt by ¢ho moderns to reduce all
mathenatics to mmber or apithuctic is evidence of the fact
that they oonceive same sort of hetorogeneity in mmber, But
their attenpts to explain this heterogeneity have endsd by dae
-myin; 1t.. This confusion is partly due to & fallure to .sppro-

clate the exaot nature of this rvduction.'

L
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The moderns have failed to swe that there h a very
great ditrcnneo between the "rationalization” of continucus

quantity by mumber and the " rationalization” of mumber by

making 1t "oontiuuou;_". The former oan bo oarried on within

the domain of mathematics, the latter cannot, - ¥hen we reduce

ventinuous quantity to the ons or to mumber, we do so in urder

to know more eslearly the quantity of the ocontinuun, This is

poulblo bogauss of the gmtor formaliyy and hmatoriuity

N | found An nmuwmboy.ag- oprosed: to “oontinvous qmuv. “We i ‘,,

oconfusion in eontinucus quantity by reason of tg: potential

divisibildtey, “han, by measure, we roduce this oon!‘ualon to

the ratio of & mmber to a mmber or of a number to one, we

have a “rationalization” of oontinuous quantity, Yhis {s un-

iversally recognized in ouy opontiou by which we uppiy nun-

bor, to the oontinmuuwm, we knov the distance frem the sarth to
the moon bcttor WAen we can sxpress it as a certain mnbor of

uilu. Bowever, in the uny distinct ooncoyta moouary to

cresp the distinotion of numbesy in ase, we rind an irrational-

ity Moh will now ull for a difforemt sort of "rationall za-
tion". but neither of thou retionaligzations will have any
moaning if thers is no per ss qugoﬁbiw ic meber,

N
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BECTION I

Chapter I :

1, Continu ot Muoathm. pe 198,
2. Ibid‘ )
3. Ibid, pp. 193-184,

- 4e_lie oltes loincare, who, he says, held that "l'idee de l'en-— -
semble des nombres naturels se reduit au prineipe de 1'ine
duction oomplete, qu'il conaidere ecume Jjugement synthe-
tique a priori dans lo sens de Xant®, and opposes him to
Hermite, » o0 08 qui oconcorne les oconocepts mathematiques,
etait realiste platoniocien.™ p, 194,

.. Ibido Pe 198.

6. Mlo&gﬁ of hth-lt"‘. Pe 12,
7. Concepta of the Caleulus, p. 4.

8. IMd, p. 267,
9. Cf. Bell, op. cit., po 137, pp. 160 seq.; Plerpont, Uathe-
ratieal Rigor. '

10. The philosophieal nature of this ﬁu_oltion is po.nted out
by Pierpont, op. oit.; Bell, op. oit.) and aleo in Fruen-
k.lo' -

11. Op. cit., p. 200,

12, Opo oit.. Pe 23, ' i
13, Those interested might oonzider earefully sume of the
erroneous opinions of Cormford, Yioksteod, Koes, Jeller,
Van Peackh, lieierg, et alia, who were simply ineapable

of comprehending the Oreek mind, however sood they may
have been in paleography, language and historical research.
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Chapter IX

1, We shall not state the argumenss inm detadl. Anyocne
intorested can tve Cajori, Metory of Zeno's Arpuments,

- «nd especially Lee, Zsno o o8,
Cf. Boyer and Bell, supra. ‘
Cfe &% Thomas' omomry on V Fhysios, lesson § 8§, nn, la2.
.Por the sbarp distinetion betweea mathematies and uhﬂll

science of. espeeially II rhysics, 193 b 23, The defini-
tion of "bstwesn™ is an ex on, as will de pointalout.

5o IV Fhysies, 208 a 26 - 213 a 10, . e e

Kote that thore is a difference between "shanging oocntin-
‘wously” and the “ecntinuous”, defined later,

For some of the moders atteupts to defins this term, vide
- Muntington, The Continmnm, and Ruse¢ill, Pring. of Math, and
Int, to Math, Phil. pp. 12; 200-26; and 38-41, respectively,

Hotios that this argument is dialectiosl. It meraly pointe
to the flaw in Zeno's rewsoning. The smme is trus of the
Zurther refutations given in VI giun, oh, 8, 239 b 8 seq.

In Bk, VIII, eh. 8, 263 a 4 - 264 & 7, Aristesle points this
out and then gives his own solution. We will quote the text
later. : o

9. 265 a 4 - 265 b ?,

10. 6f, Strong, Frogedures and Metaphysies, p. 240,

11. ileo the Platonists who had etrong leanings towerds the
' Fythagorean number conoeptions,

12, Heath, liist. of Greek Math. p. 69, Vol. I.
' Chapter IIX

1. kead, C., ls Kathemnties an Fxmot Soience ’?

.. Of N‘th.. p. r') .‘-h. mln. ‘pc 105. l‘

2. Gf. Bell, loe. eit.; Dedekind, Theory of Numbers, pp. 10-12;
i Hilbers, Foundations of Geonet PP. 34=8) Kuall, Prine,.
190, and Int. Yo ﬁ st
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it be said that we are neglesting the "definitions” in
some of the works eited, we must point out: a) the "def-
initions" suppose solutions of the prodblem whieh have
besn rejeated by those whe would insist on those same
"definitions”; and b) an examinetion of the eontext in
which these definitio :

% already know wha: is meant by "continuity” —ee qt laast
the "vague notion™ familiar to everyone,

3. Cf. R.ll, Ohe °1to. pe 203,

4. Cf. the historical analyses of Bell, Boyer, Cajort, D.Smith,

8. fis has s reference here to The irman Worth of B rous

Thinkis, N, Y, 1913, Pe 277,

oo 8o Cajord, Hist, of Vath., p.-286. - Howhers in the book dogs —

bhe attempt to ® oither what he er’ix Aristotle's
"senswous, physioai” continuum, er the one “ereated” by Cantor,

7. Cf, the coammentary of 8% Thomas, v ;“%EF;._. less. 14,
ne 977; also Johm of St Thomas, Curs. *s Po B4l a 4-15,

8. To be a spesies of quantity adds the nature of measure and
m“dc, Cf. 5¢ rw. I s.ﬂto. De 2‘, ‘-1. ‘08‘ ad 8'
De Potontia. (2.9. 8.7 :

Pe Sf. alao Metaphysios, 111, 997 b 185 Vi, 1026 & 105 X1,
1064 v 10, N , -

10, Cf, also J1 Fhysies, 193 b 30,

1'1. cr, v nguiés, oh. 14, and S& Thomaa' sanneniary,
less. 16, mn, 2. -

»

12, n“th. Elm. Pe 118,"”1. 11, , s
13. Greek Math., Pe 340, Vol, 1, The tams "magnitude” apd
of any assizned macnitude” cre added by lleath and alse Yy
Hardie and Geye in the Oxford tr. Actually, aristosls ia
arguing here on the osupposition of an infinite foree or
yirtus in a finite magnitude; -

14, Idid, p. 344,
15. Rlements, p. 234, Vel, I

16. Oywek dash., pp. 2918, Vol, I.




17., IMd.. De BO, Yol. 11,

18, IdMd., p 17, Vol. I. He eites I1 Plysies, 194 a 8; 3
and tval. Fost., I, pe 76 a 22-255 p, 78 b 85-9. B

19, Cf. Cajo:t, Bell, mith, D,

Chapter 1V

2. Barkelsy, Adalyst,  Cit.d in Geith, D., Source Book in Math.

3. Hobinl.‘ﬁath. Tracts, p. 49, Vol, 11,

4. Cf Boyer, op. eit., pp. 248-8; Bell, op. eit., p. 287.
5. Op. eit., p. 52,
6. Cf. Boyer, op. oit;, ‘Pe 870,

7. Ibid., p. 273,

3 : 8., Jourdain, Development of the Theory of Transfinite Numbers,
‘B artiols 1, p. 261. - ‘

0. Cajori, Hist. of sath., pn. 434-a.

10. O]’,‘. Oi‘.t.. p- ?8“0

o s o i

11. ¢f. Jourdain, op. cit., art. 2, PP. 303 seq,

12, cf, Ibid,

? 14. Ibid., p. 11, ’

15, Cantor, Grundlagen, p. 117,

16. Cf. Bell, Cajord, Boyer, Jourdain,

17. Cuntor tases himeelf on Zeiler and finds the srpurents
against the existenco of the infinite in XI Mznioa,
ohe 10! 5% Thomas, coemeuting on the “potitio primeipii®
B » ' given here, recognises it as sueh and points out thut the
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argment is enly dialeotioul, i.e. against a position, i
Cantor should have tried to refute the argment inm 111
sies, where there is a ocomplete treatment of the ey
|
|

n &x_profesaso,
18, Cantor, op. oit., p. 118, He has a note there which ujnn

The Procedure for the correct construttion of eon-
cepts 1s in my cpinion everwhers the same; one sets
up & shin; (Bing) having no properties, which at
firs: ie nothing more than a name or 8ign A and
¢ives this aecording to s ome law, differemt end
oven an infinite numbor of predicates, whose mean-
,ing is nom through ideas alrendy existont whieh
cremissmmeminio oo SRAYE not. oontredict oo -anothors -in vm.”'“ith. B LIE S
relation of A to soncepts already existend is det- ‘ ]
ernined; if the proceds ie complete, then all the ]
eondisions for aweksning the concent i (sur Weoke 1
ung des 3egrifies i) which was slumbering within {
us, are presont and it emerges into teiny (Dasein), i
oquipped with intra~subjestive reelity, whieh §s . .
all that can be damanded of coneepts; to establish i
its transient meaning is then the tuainess of L
netaphysios, - :!
i
{

18, _“'_"3"-0 Alne., p. 368, Vol. 17, (1880).

SBCTION II

Chapter 1

1, Cf. 5%, Thomas, Ia, Q.l), a.¥, ad 2.

2. Cf. John of $% Thomas, Curs. Theol., Vol. 11, p. 105, n, 3.

3, Cf. &¢ rh“'. De Vul‘ltaﬁ., QQZ. ‘-Qp ad 10, :

‘o Cui‘l- Th.ola; Vol. II. ‘:P- £o R, Ll 16,

Guila memsura importat rerfecticnes, oum BOMPOr A0~
e@ipistur pro mensura id q.od perfectisgimu est in
uroquUOquUe gEnore} noc requiritur qued sit notifi-.
‘cativum rel mensuretas, ut fundans imperfectaz eog=
nitionem: ned per modum nlicujus magis simpliole
. , ot porfooti quo res mensurata mmris ad unitatem ¢
uniformitatem redusitur, '




s. Iu‘o. po 53 a, n, 22,

Et quants perfectior est mensum, tanto perfectius
oonjurgltur suo mensurato, illudque magis ad se
tralhit quantum pona!hﬂo est,

Chapter 11X
l. In Do Spritualibus Creaturis, a. 3, 5t Thomas calls the
oxder ﬁ in tbe mt;or an erdo oldens as opposed , i
] i ,:;'t,;',? S,‘., gm r ” roud g! h !,' b d . ',m & ’°r wr, ...;',,‘,' e e e e ,,,,i
S orde formal differences.

2. Rull.ll. Int, to Math, f‘hil.. Pe 18,

i i

S, Curs, Fhil., Vol. 1, pp. 551 seg.

8. Cf, VII Hetaphyeies, oh. 18, 1038 a 1-15.
6. Ibid., p. p 852.

- Bt supponenda est vulgaris distinotio numeri mam-
orantlis et mmeri mmerati, MNumerans dicitur 1ille,
qul est ratio mwmerandi in intellectu, ut duo, tria,

" _quatuer eto., quas sunt raticnes, quibus omnen na-

i : S - terism mmersuna., HMumerus vero mmoratus sunt res
3 ' ipene zou matoria, quae numerationi isti subioitur.

Bt potest iste numerus nmeratus suei et generaliter

pro omni mulittudine guamodocumque nmmerabill ab in-
tellsotu, etiam quae in rebus spirituslibus inveni-
tur, ot spacialiter pro multitudine quantitativa, g
quas ratione quantitatis opecialen rationem mensu-
rae habet in mmerando, ratione cuius aliquando ipsa

- discretio quantitatis respective ad substantiem,

. quae 1111 sutioitur, dieitur mmerue mmerans, id ost

R B . . prasbens rationem, qua numerabilis ost quantitative,

8. Cf. also Cwrs. Theol., Vol. I1, p. 103 a, n. 8.

gt

! - f A 7. This is the poaition of P, N‘rl_nonu’, a diseiple of Seotus.
' 8. Terrejon.

9. Cf. also the ooomentary of 5% Thomes, less. 4, nn. 1338 seq.
10, 1n ¥ Hetaph., lees. 15; IV ketaph., less. 2, un. 557 seq.;
" I Semt. D. 24, V.1, a.3; aud De Fot., la Pars, sup., eit.
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11, Lesson 13, n., 158%:

Ft sic dualitas nen erunt duse unitates, sed ali-

quid ex duabus unitatibus oowpositum. Aliter num- :
erus non esset unum per se ot vero, sed por asci- :
dens, siocut quae coacervantur. i

12, Quodl. 10, asl.

.

Jumerus simpliciter est, euius n\ncnta faoiunt
aliquam a(,p;rogutioncn.

14. Lolnom 17, m, 1672-73:

Quamdoqua enin ex multis fit ccmpositio, ite quod
totum o mpositum ex nultis oat unum gquoddam, siout %
domus oomposita ex suis partibus, et mixtum ocorpus
ox elementis, Quandoque verc ex multis fit campo-
situm, ita quod totum oompositun non ezt unun sim-
pliciter, sed solum seocundux quid; siout patet in
cunulo » vel aservo lapidum, cum partes sunt in -
actu, cum non sint eontinuae. Unde simpliciter
quiden est multa, sed solun secundum quid wmum, pro-
ut iata milta assoolantur sibi in leeo,
bujus avten diversitatis watio ezt, quia ocom-

positum quandoque sortitur speoiam ab aliquo uno,
quod est vel forma, ut patet in corpore mixto; vel
compositic, ut patet in demo; vel ordo, wt patet in
syllaba et mumerc. Et tune oportet quod totum oom-
positum sit umm simpliciter. Quandeque verc com- -
positum gortitur speciem ad ipsa rultitudine par-

. tium ecolleotarum, ut pate$ in acervo et populo, et
aliis hujusmodi: et im talibus totum compousitum non
est umm sfmplicditer, sed solum secundum qui.d.

15. Today, this muld not be clazeed as an exsnple bt a mataphor.

Chapter III

1. ¢f. 8% Thomaa, In IV Pixysios, less. 17 ne 113 1 SQnt. D.
19, Qa!, 2.1,

0



]

L o e OV b 2, 340 P S T TR e £ 51 Bt

™

. (_**T‘ | Vo)

et e

i o s S S i e

2, Cf. 5t Thomas, Ia, Q.30, a.l, ad 43 In VIII‘§=%22§§, Joss.
3, ne 1722; De Pot., Q.9, a.8, ad 6) ad 8; s Ibid,,
‘.6' ‘.7, Q.‘{MZI., 10. ‘ul' v]'ﬂ X anh.' less, ‘. e

1993 seq.

S. Cf. John of &t Thomas, Curs. Phil,, cited in footnote B of
chapter 11 above. o

4. Cf, 5t, Thomas, I fent,, N, 19, G.1, a.l, ad 13 D, 17,
Qoz. ..1. Qd 2. .

B, (fe St Thomas, 1 Sent., N. 24, Q.1, u.”, ad 4,

Chapter IV S
1. Prege's Logla, pe 409,

2. Inid., pp.490=-491,

Se Ibid;, pre 491-45%,

4. Ibid., pp. 40P-403,

B.”fhid.,'p. 454,

6. Ibig., p. 498,

7. Gf. bt Thomas, De Tot., .0, 8.7, o.

8. Cf. Int, to lat’. Phil., sup. ¢it. The quotations which
follow i vhe tan: are fra' oh. II, 4

9. Cohen and Nagel, Int. to Logle end Seientific Lethed, p. ,
‘ 150, The italies are Eoin. ' _ . o

10, Peacook, lroutise on ilgebrs, p. 82, Veol. 1.

11. Int, to Heth. Phil., pp. 30-31,

12.'TBoo:x,of Fumters, ps 68, ' ‘ A o .

13. Princ. of kath., pp. 248-248.

-14;‘Cgs§1rir, Subatance and Function, pp. 38 seq..

16, Ibid,

16. Cf. above, pp. &6 seq.; B1; B6. .



