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oportet quod ista abstractlo seu immaterialitas prius
reluceat in mediis, seu principiis: et 1ta ex divere
sitate mediorum, prout diversliode illuminant, sumitur
diversa ratic formalis sciesntlee, ut D, Thomas docet
(LI-11 qe 1, a.l; et q. 9, 8«2 ad 5)." (21)

When we do not possess sufficient unaoerstanding of the
subject .in question in order to grasp it by its proper prine
ciples, there remains one way of discovering something about

it, even though what we disccver will not be certain. we

~ can proceed by the extraneous lozical principles that attach

to seccnd intenti on , tc topicel arzuament. It 18 this usefule
ness for inquisition that merits for diaslectics the name of

logida inventiva.
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In considering uny crested substance it is pussible to
disvinsuion whut 1s escentinl, whot wukes 1t tu be in sct a
supbstuuce, Iroiz thouse uccidintal perfecticns which complate
it. In materisl sub. tusnces, the rirst of these perfeciiouns
ig phnt of cusntity, that is the orcer of the paris in the
whcle, oecuure a civen substunce is by Lo essense, suy, a
stoneg, 1% s virtusll und ladlstincetly parts, .Jhal cruers
tilese purds and cauces themm to be distipet is the accident
or wumatitye This is why we spesax f cuantity us bein.; yparts
oul. iue of parts, oi' 0 uer ln exsensiche

"ln seateniu . Thom. 8 propria et formuliu ratio quantie

tatis est extensio partium in ordine sd totum qucd est

reddere purtes forualliter integrente., Unde recots quane
titate substantia non habet psrtes integrnles formaliter

in ratione purti:s ordinstas et distinctas,” (1)

fv prove that this in remslly Lt, Thomms's osini.n, John
WU o be Lhonan puctes scver:l textis, notadl; cne fro~ the Junna

sotius Lojicae:

* uou pgesitic uno mode dicitur orao partium in loueo, et
sic est unua de praedicumentis, nuod dicitur situsj alilo
aodo joniivlo est orao pertliun in toto, et sic sositic est
sirfereantia quentitntis”. (2)

It zmy be objected that the cSumme Jotius Loxicme is nct a

gork of ote fthomas. . John of ote Thomus refers to neversl suthene
tic texts, aowever, tiut stote the same doetrine, It will be

suafliclent to ;ive une Troa the comientary cn the ghysics:

"Lam slius, secunuiua gquod ponltur presecicasmentun, importat
ordinen partiwa in loco: licet gecundum ~ucd ponitur uife
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ferentla quantitatis, ncn izportat nisl orsinem partium
in totue" (3) '

&
&

It is necessary to peint out, w8 Jubn of “te Thoumns ha

done in explaining a similar passage in e Trinitete, that here

gitus is not teken formalliy ged pPro rudice, and he 51yes ag his

resson thut otherwise it would not be necessary to point out the

sirrercnce between the predicument of situs and the formul
airference of suantity. (4)

In detupnysios Vv, AIII, 1080 a 7«8, .ristotle zlves &

!

definition of cuantity based on one of its properties, its
divisatility iate howusenecus purisy

v uantity mean: that which is divisible into constituent

sarts, eseh or every one of which is by nature &ome one
individual thing." (5)

lhe explunstivn of the sigzniricunce o’ this passage 18
civen by John of Gt fhomas

"Et tota explicatio reducitur sd hos, quod definit Arise
toteles quentum per divieibile, non in partes physlicss,

id ect materiam et formem, nee¢ in partes potentiales,
sicut anima diviaitur in intellectiivum et sencltivum, nec
in subiectivses, sicut universsle dividitur in infericra,
sed in partes integrsles et quentitativas, quae ita sunt
compoaitae, ut fuotm divisione maneat unsgyueeque aliquld
unwa, sicut patet cum aqua dividitur in varies psrtes. In
has psrtes invegrules divisibilis est res guanta.” (8)

In nateriasl things guantity is'the first of theﬁsociéentg,
the one that immedlmtely folléwa substance snd constitutes 1t,in
the perfection‘tnat existence requireé. 5o e6lose 1ls the cone
necniqn between substance and the first of the sccidents that |

many heve Listuken quantity for mﬂtgrial sgbstence itself.

"Negaverunt hoe aliqui Nomineles, cui cum ex une perte
sentirsnt sine quentitste nullss deri partes nec¢ divie-
sibilitatesn:, ex slia verc parte cuiuscumque rei entitoe
tem .ihil sliud quum partes suau exisiioarent, dlzeruat
quuntitetes ocon aistingul resliter a re nebente partes,
sive substentis slt sive sccidinse™ (7) '
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This oconfuaioun springs, no doubt, from the fact that the
two sre never separatad 1n any existing thinz. (4e speik here N
of the netursl order, snd not of such ugsteries an the Holy

_uchaerist)e. To conclude from the faot of thelr inseparsbility

te their identity is un exumple of the fallacy of accident.
lhey are not separuble, but they are distinguishsble 8 _parte 0
rei. 4 meterisl subatence is constituted in sot a substance

by its form, that which is expreasible in its definition. DBe- g

caugse it is thus constituted, it has virtuslly and confusedly 1

parts, w~hat makes these parts exist distinctl;y apd in their
gue order i. the accident q: quantity. i

Because of its close sonnestion with substance, quentity @
alone cof all'the sccidents oun found & sclence, Ut. Thomes has

sointed cut this peculierity of quantity:

propinquior est substantise. uUnde gquidem gquaniitotea esae
substantiae putant, scilicet linean et numerum et supere
ficiem et corpua. llam sola quantibas habet divisionen in
partes proprias post substantisne albedv enim non potest
dividi, et per consequens ned intelligitur dndividuard
nisi per subjectum. it inde eat, quod in s80lo quantitatis
Xenere ulliqua sisnificuntur ut subjecta, alia ut paasi?n?s.”
8

.uantity, beling the firet of the so-idents, and the most

nyeiendum sutem est, quod quantitas inter alia agoide:atia !

fancemental une, is treated ac 41f 1t wers a substance and the
science of mathematics cenonstrates its progerties, uoven in
mathematics 1t is ultimately the gubotance s mouified by the
accicent of quantity thut we studye e divide quantity first
inte ite wwo wa.n specles; the diserete and the continucua,
“Tfter this we further divide number into its various specles snd
the continucus into line, curface, and solide. ZFinally we deuscne l

strate the properties of each of these kinds of continuous and

;iBcrete juu.tities in the sciences of urithmetic und eometry,
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the s€iokble mode of existence ss suche (9) : i
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It is not ounly the matkemsticlan who trests of guantity,
hou:he To be able to distinsuish well the mode of cunriderte A

tion of he mathenaticizn, 1t 16 well to note the manper of

srocadure of the metashysiclan and thea natursl shildscpher,
To define muentliy snd its aain species belongs to the
metuphy.iciane It iz he alone who considers it according to

118 absolute essenco as au agcilnt of rmterisl substance, -

.

.is cousideraticn i8 sn absuluie .ne apd epunt be raducible o

tie intellizible nmture of thinzx slone without refereace %o

wne patural philosopher acnsiders the quontity of things

‘when he notes that one thing is lLarger than another and secka

the osuse for ite He spesks of the quantity of SQmethlva as

1t is ohysienlly united to the other mociuents und as detere
:;zhed wit.in definite limits by form snd flgure. It 1a potaible
to ask why t.e neck of Wo 31ra£fe is so0 éiaprngortionatelj
lonze. Hera wo heve to deal wit" = neck of & certsin (;erhsgs

rt~t;st1¢ally) £1 zed lenwth and with a quantity not goncelvad

Crgparmtely Trom tne ae"aibla ~unlit1es cr the zirsffe., It 13:'

glasr tnat such a p:oblam snd any tentative solutions that say

he ,rnposad pus$ be toated by whather or not the; qonfom te |

cur sense experisnce of the siraffe, This is wnat is mesnt by

nh#i - that in nenurfl wnxloaoghy ths redustion ia tc the aeaaea (m i
The mathenstiolian ccnsiders qumntity~neitnar absclu:sly,

iike the aetaphyaician; nor aceerding»:o the sans;b;a eenditimna

cf 1ts existence, like the natural philoscpher, H1e wue of

con idersticn is sn sltogether apacial way of Iegnarding ,uantiaJ.

‘@ considers 1t in its yure heacgeuseity as extensioun, sither
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discrete or continuous, and without any sensible quulities

whs tever. Ian fact eny quaantity 18 qualitaiively d.termined by
form anu figure so that it has a precise ppyaical linitation,
The quantity of the mathematiclan 1. interminate quantity. By ¥
tiids 18 meunt thﬁt it is thought of as having an undertermined
size. 'The triangle of the geometur is any trianzle that the

proposition requires, and not a triangle with sidea six inches

longe

"pro cujus intelligentis advertendum est ex Cajetano (in
praesentl quaest. 9, a.3), quod quantitas potest dupliociter
abstrshi. Uno nodo secunduns abstractionem generis vel
speciel sb individuis, remnpents tota natura et quidditate
quuantitatis, sicut omnes aliame naturae quando in universali -
concipiuntur: et heec atsractic fit ab intellectu universalis
zante nsfuram; et hoec modo quantitas in abstracto conovidere
atur a metaphysico, et sic non amittiit rationem perfectionis
‘neque boni. allo modo fit sbstractic quantitatis denudando
illaz a sensibilitote, et it per imaginationem: oicut
imaginemur aistuatiam quantitatis ia vaouo, lineas sut
auperficies in eo imaginantes; et talis abstractio non est
universalis a particulari, sed solum quantitatis intere
uinatee, seu imaginatae, a sensibili; sicut si in relatione
aliquis cunsideraret puram rationem ad, et non rationem in,
solum considersret id .uod est enmmune reletioni reall e
rutionig: non autem 1d quod perfectionis et realitatis est
in relaticne.”
*Conatut autem ad dewonstrationes mathematicas perind: se
hebers lineas et fizuras imaginarias, et reales; nam etiamsi
in vaecuv iwmsginemur lineaus, aeque bene potest ibi fleri
seamoustratio mashematica. i vero fiat lines in aliqua
msteria resli, non comnsiderat illsm quantum ad susn quids
ditatem realem (id enim pertinet ad metaphysiouz), sed solum
quantum ad proportiuvnem mathematicam, QJuare ex vi talis
abstructionis omittit rationem boni, quis ncn attenditur
ejus perfectio vel convenientia, aut conducentis ad aliquid:
sed z20lu est extensiv imsglineta prout continultatern,
commencutationen vel progosrtionea habet, ut docet U, Th?gaio"
: 1l

John of ote Thomas says the quantity of the muthcmatielian 1s
sidway between the real quantity existent in physicel things
accordins tu s real dete:minuticn and the imsginary quantity of 8 'i

{
Jure beins of reasun like, say, 8 lloe in a vacuul.

|
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"Ify nathematica considerst quantitatem, quantum ad id
pruecise aucG hebel de extensione intermineta, et secundum
1d quod habet & materia: non gegundun terminationem et modum
quem habet & fomm, raticne cujus redditur sensibills.
suare quasntitas to thematics habet conceptum positivum
quantitatis interilnatae, €0 medo quo quantites potest ine
veniri, sive imeginerio, sive sensibiliter in ratione entis
veri, unde permis.ive se habet ad raticnen entis realis

et veri: neque poslitive inecludendo et considerando
adaequate, neque poultive excludvundo per repugnantiam,
realitsatem ipsius quantitatis. E% in hoc differt a quane
titate pure luuglinaris, guao eat ens rationia: heec enim
repugnsnier se habst ad quantitatem realem, quia ens
rationis este 4t VOro quentitas asthematics non repudnanter
se habet, sed iniifrerenter: quis aeque bene potest Iacere
suas dewonstrationss in lineic realibus, vel imaginariisg
asicut 8i relstic conslderetur secundum rstionem &d prae=-
ciue, nondum considerstur ut ens retionis: nec tamen ut:
detersinute ens resle: sed indifrercnter ad illudj quia
acn cunsideratur sdaequata ratic ejus ex omni parte nuae
recuiritur ad reslitaten, ad quam etiam regquiritur rationl:
gsed ex ea parte gus indifferens est sd realitaten, et

solus explieat rationen ad, Sic quantites eonsiderstur

a obthemetico inadeequate, et sub ea rstione praecise
extensionis interminatae; quae indifferenter se habst ad
imaginariem et reslem, et gic non excludit rationem eantis,
sed permittit: neque repugnanter se habet ad illud, sed
insifferenter, Und nec ens rationis est determinate, nes
eus reuls determinate: sei indirferenter et permisaive

se habet ad utrumque.” (12) ‘

It is perhaps for this reason that aristotle confirea the

nee of the_term aghastruction” tc the mode of eonceiviﬁg of the

msthemuticlan, (13)

~'Becuuse lie gnviaages qnahtlt; 1n this ﬁanner, the ﬁathema-
tician 45 1in a.peculiar nay conflned.to working w;th.abstractians.
lie nut.uniy considers t inze apart from their particulsrity, aé
does the uetaphysleicn ana the natural ohilcsopher, but asccording
to & mcde incumpuatible with exlstence. o

sinoe all of the external senses must ccavey their object

‘sewording to she mode in -shich they have fe031Ved it, and qudn-

tity exists enmpletely separutely from any qualitative deter.

sination, it is i..ossible for the mathematiclian %o reduse the
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cbject of his oconsideration to the external senses, The i.agine

_ ation ocun make ti.ls separation and convey the pure hcmogenity of
1 extended parts, It 18 for this reascn the 5%, Thomas, folluwing
| .ristutle, says that mathemstics is reducible to the imugination,

This is particularly oclear in the passages where intellii=
4ible matter, the matter of mathematical objlects, 1is treated.

In Met. VII, lect.i, Ste. Thomas is contrasting the objeots
\ of naturel philosophy with tuose of mathematios:

"i{jec differt utrum singularia sint sensidbilia vel intele

lizibilis, Singularia quidem sensibilia sunt cicut circuli

aerei et liznei, Intellizibilis sinzularia sunt sicut

circuli nmethematici, Quod autem in msthematicls conciie

erentur aligua singulsria, ex hos patet, quia cunsidere

‘ - antur ibi plurs uniup speciel, sicut ;lures linocue sequales,
et plures figurae similea, Jicuntur sutem intsllizibilis, -
hujusmaodl singularie, secundumquod ebsque sensu comprehendunse

l tur per solan phantasism, cuse quandoque intellectus voestur

! secundum 1llud in tertio de inima;: "Intelleotus pesssivue
corruytibilis est.”
"iiatio autem hujus est, quia materia, quae principium est
individuationis, est secundum se ignota, et non coznouscitur
nisi per formam, & qua sualtar ratio universalis, Lt ideo
singuluria ncn cogmoecuntur in sus absentis nisi per
universalia, Aeteria autem non solum est prineipium
individuetionis in singuleribus sensibilibus, sed eti=am in
mathematicis, iiaterie enim alle est sensibilis, nlia

' intelligibilis. JCensibilis, quiden ut ses et lignum, vel
etiam quaelibet materia mobilis, ut ignie et aquu, et

L . hujusmodl omnle; et & tsll materin individusntur sigularia

! gemsibilise Intelligibilis vero meteria est, quae est in

ssnsibilibus, non inquantum sunt sensibilia, siout methems-

tics sunt, siout enim Porms hominis est in tall materia,

" quee est corpus orguniocum, ita forma circull vel trisnguli

‘ est in hac materis quaee est continuum vel superfiocies vel

corpus.” {(14)

To this we shculd add a passege from the ccmuentary on Het, VIII

"feind< ocum dicit "est autem®., Golvit preediotsm dubitae
ticnem in mathematicis: et diecit quod duplex est materia:

‘ scilicet sensibills et intellizibilis, oensibilis ~uidem
est, queae ocncernit qualitates sensiblles, cslicdum ot frizie
dum, rarum et densum, et alia hujusmodi, cum nua quidem
materis conereta sunt neturslis, sed sb ea abstrshunt mathemae
tice, 1Intslliibilie autem nateria dicitur, cuss sccipitur }
sise sensibilibus nuslituatibus vel differentii:, sicut i.sur
centinuun, it sb ‘ha¢ zateris non sbatrshunt muthematica.” (. ,
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Lastly there is a passage in the Summa that brings the
whole matter into the sharpest light, Wwhat this contributes

' beyond the other paséages.is the relating of intelligible

matter te substance:

"Dicendum quod quidam putaverunt quod species rei natura-
lis s8it forma solum, et quod materia non sit pars speciei.
Sed secundum hoc in definitionibus rerum neturalium non
poneretur materia., Et ideo aliter dicendum est quod ma=-
teria est duplex, scilicet communis, et signata vel indi-
vidualis; communis quidem, ut caro et os; individualis su-
tem, ut hae carnes et haec ossa. Intellectus igitur abe-
strahit speciem rei naturalis a materia sensibili indivi-
duali, non autem a materia sensibili communi. Sicut spe-
ciem hominis abstrahit ab his carnibus et his ossibus,
quae non sunt de ratione speciei, sed partes individui,
ut dicitur in VII Metaph.; et ideo sine eis considerari
potest., - Sed species hominis non potest abstrahi per in-
tellectum a carnibus et ossibus, o
Species autem mathematicae possunt abstrahi per intel-
lectum a materia sensibili non solum individuall, sed
etiam communip non tamen a materia intelligibili’ éémmuni,
sed solum individuali, Materia enim sensibilis dicitur
materia corporalis secundum quod subiacet qualitatibus
sensibilibus, scilicet calido et frigido, duro et molli,
et huiusmodi. Materia vero intelligibilis dicitur sub=-
stantia secundum quod subiacet quantitati, Manifestum est
autem quod quentitas prius inest substantiae quam qualie
tates sensibiles. Unde quantitates, ut numeri et dimensi-
ones et figurae, quae sunt terminationes quantitatum, pos-
sunt considerari absque qualitatibus sensibilibus, quod
est eas abstrahi a materia sensibili; non tamen possunt
considerari sine intellectu’ substantiae.quantitati subi-
ectae, quod esset eas absirahi a materia intelligibili
communi. Possunt tamen considerari sine hac vel illa
substantia; quod est ees abstrahi a materia intelligi-
bili individuali, - ' -
Quaedam vero sunt quae possunt abstrahl etiam a mate-
ria 1intelligibili communi, sicut ens, unuzu, potentia et
- actus, et alia huiusmodi, quae etiam esse possunt absque
~omni materia, ut patet in substantiis immeterialibus." (16)

It 1s important to realize that there are two irreducible
species of quantity: the continuous and the discrete. (17)

Continuous quantity is the order of undivided parts in a

whole; it is undivided extension. Extension, in turn, is of three

kinds: 1length, bréadth, and thickness. It is of these that

geometry treats.(la)
Discrete quantity is the order of rarts, distinct
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and separate, though homogeneous. Here, the word "whole" in

the definition of quantity (az the order of parts in a whole)
has a distinct meaning. The rwhole" of continuous guantity is
so@thing physieelly one, as, for instance, this stcne.

Thut of discrete guaniity 1s 8 unity of crder in separste t ings,
as, for lnstance, seven oranges on my deske There is something
sbou . each orange in the group that allows it to be regasrded as

as joining with the others to make up semen Orangss. They do

. not lcse their identity and become one large orange, but, ench

remsining separate, they make up ssven together. whet formally
sonatitutes them as seven is the last unity, the seventh, This
is not b0 say that onse is eternally predeciznated as the laat one
I will count. It does not maxe an& difrereme which one 1 count
lust; for this will 1n no wﬁy affect the total. e say that there
are seven because thero ere one more then six present. It is
the additional unit that changes the number from one syecies to
anuther, and hence we speuk of the laat unit as tie constitutive
CilCe

In sll this we suppose s homogenelly umong the thin ;s that anx
auzberece It is evicent thei we gsunot add horses, bottlés, and
angls, anc get a predicamental number, since these % ings are not
dif:erentiuted mainly by numoer as are oranges, uut ruther b;
treir formse. The most fundementel note of preuioemental quantity
is homogeneity. This permits us to lgnore qualitative differences
and consider nothing but pure quantiitye. (17)

Number, the class to which all disorete quantitiea beloun ,

ig defiped as 8 multitude memsured by one, (18)

riie igitur unum, seocundun quod simpliciter dicitur ens
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indiviaibile, convertitur oum ente. Seoundum sutem cuod
accipit rationem meneurse, sic determinstur ad alicuod
genus ~usntitetis, in cuo propris invenitur retio mensurae.

5% similiter pluralites vel multitudo, secundum quod
znificet entis divisa, non determinatur ad alicuod geunus,
Lecundum nuten quoud significat aliguid mensuratum, detere
sinatur ad genus cuantitatio, oujua species est numerus,
zt i1adeo dieit gquod numerus est pluralites mensurate uno,
et auod pluralitss est quasl genus numeri. Lt non dioit
gquod sit simpliciter genusj quis sicut ens genus non edt,
proprie loquendo, its ne¢ unum guod convertlitur cum ente,
rnec pluralitas el opposita, Sed est quasl genus, cuia
habet aliquid de retione generis, ingquantum est communis,

5ie izitur aocipiendo unum quod est prineipium numeri et
hahet reticnem mensurae, et numerum qui eat spedies quune
titatis ot est multitudo mensurata unc, opponunitur uaum

et raulta, non ut contraria, ut supra dictum est d« uno

quod convertitur cum ente, et de plurslitete sibl oppositaj
sed upponuntur aicut aliqua eorum quae sunt ad aliquid, -
quorum scilicet unum disitur relative, quia slterum refere
tur ad ipsum, uilec igitur opponitur unu=m et numerus, ine
jqusntum unu’. est mensurs et numerus, est mensurebiliss

ut qu1n taL15 eat natura horum relativorum gqucd unum potest
a8s8 sine altero, sed non e conversc, ideo hoe¢ invenitur

in uro et numero, quis si est rumerus, oportet quod uble
cwaque 83t unum, quod zit numerus.” (29)

It is iaportant to underatand the nature of the cne that 1ig

the prineciple of number. There is a tran:cendsntal predieate

- of baing wherﬁbf_it is undivided, This prédicate belongs to sall

vhet is inaamucn asL 1t has being; Gne, the principle of nuser
adds the notion of messure to this rbrmal indivision of eaoh‘

thinge Eredicamantal_mesaure igz that whereby the’quéntity of a
tning {8 known, Itu essential characteriztics are homogeneity

with what is meacured and sreater simplicity end knowability

than 1te

"pPeinde cum dicit “"semper autem®., ~fonit secundum guod
considerandun est circs memsuram; dicerns, "quod aetrum®,
idest mensura, semper debet es. e cognatum, scilicst
ejusden neturse vel mensurae oum mensurato sicut sensura
mmgnitudinum debet esse maznitudo: et non sufficit sucd
conveuiat in noturs comuunl, sicut w.pes maguitudlaes
conveniunt: sed oportet esse convenlentism mensurae ad

met.uratum in anturs  ueclali soeundum unusquodaue, £ic
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quod longltudinis sit leon;itudo mensura, latitudinis
latitudo, vox vocis, et Jravitas gravitatis, et unitetum
unitas.

sic enim oportet accipere ui absque calumnisa logusmur; sed
non gued numerorum nMensursa sit numerus, Numerus suten

non habet rationem mensurae primue, sed unites. it ad

unitas mensurs eat, ad sisniflicsndun convenientliam inter
sensuran ol wensuratum, oportet dicers, quod unitas sit
mensura unitatum, et ncn numerorum., it tamen ai rei

veritas attendutur, oportebit hooc etiam ooncedere, quod
numerus egsed wensura nunerorua, autl etiam unitas numere
orum similiter acciperetur. Sed nom similiter dignum videtur
alcere unitaten esse amsnsuraa unitetum, et numerum nuneri,
vel unitatem numeri; propter differentism, quae videtur essae
inter unitatenm et numeruur. Sed istam differentism observare,
iden est, ac 61 uls dignum diceret quod unitutes essent
menesurse unitatum, sed non unitzs; quia unitas differt ab
unitatibus ut sinzulariter proletun ab his quae luraliter
proferunture. LUt simills ratlo est de numerc ad unitsatem;
quia numerus nihil aliud est quam pluralitas unitatun,

Unde nihil aliud ast dicere unitatem esse moncuram numeri,
quern unituatem escse mensuran unitatum." (21)

Thus one muat be identical with each of the things to be
counted, umd further, it must sinply by reppating itself render
un ‘adequate sc:ount of the number of the group of homozgeneous
uhbjsctas. (22)

vne, the principle of number, is not s number, since it is
-0t a zultitude, It st be indivisible or it is not cnee .Jhen
we divide sn orsuggs, we have not two arunges, but rather no coranze
=t alle Likewilse with anything elase that is said to be cne; 1t
" cannot be further divid.d into homogeneous parts or it is not cne,

"Assiznat autem rationem, quare mensursm oportet esse
aliqudid ipndivisibilej qulia scilicet hoc est certs mensura,

& aque non potest aliquid auferri vel addi, Lt ideo unum

est aensura certissima; guia unum quod quod est rincipium
numeri, est omnino inuivisibile, nullanmque additionem sut
subutractionen zuscipilens manet unwa, L6d4d mensurae aliorum
generum quantitatis imitantur hoo unum, cquod est indivisibile,
accoipiens sliquid minimum pro meusura secundum guod pPoGe
siblle est, uia 8l acciperetur aliquid mesgnum, utpote
stadium in bngitucinibus, et talentum in ponderibus, lauteret,
«1 aliquod modicum subtraheretur vel adderetur; et sewper

in zsajori mensura hoo mazis lateret quam in minori.” (2%)

/

It is ¢nly because odern methematicians ecnceive of number
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dialecticully aw contalning the property of isfinite aivisability

that they have wccepted fractions as NUBbers,

ste Thumes sayu that number srises from the division of the

<j> countinuuie (2¢) The fundamental notionm of quantity is the order
of parte in tue whole. when we add %o fhis the notion of actualk
’division between homogeuneocus psrts, we have the idea of number,
It is only the division of the continuum that 1s capable of
giving us the noticn of numbér, becsuse the number system is
.pctentialiy infinite and any actual number of'real things 1a
figite./(%gé nunver system is potentially infinite, since no
maﬁter how lurge 4 number one conceives, it is always possible
to thini of u'largor by sdding one %o it. The continuun is
actually not cividsd at all, but it is cajablse of being divided
iader;niualj. {hus it is the ideal baaia for generating tho
number systeam.

The proper notion of number includes noiliing then but the
oxdur of abbolutmly homogénéoua parta, Because of its abatrac;
tion froem s«ll qualitative determinations it dan be aoplied to
11l homogsneocus objecta. The proper nutiun of seven applieb to
seven oranges ur seven blocks of wgod. It iz not @itn these
-applications of anumber theat arithmétxc dea;s, but rqfner with
tne nuﬁberﬂ tnemselvbs conoeived as spéoies of discf&fe quautity. |
utﬁe wise, arithmetic would not be foundea on %he uode of defining
gﬂoper to nathamatics,

fhe truditiunal desiznation for predicamantal number 13
DURerus numeratus. (26) This applies strictly to homOgeneoua
‘purts ordered uncer thé last unity in tnam; In concraai to this ,

proper sence ¢f number, thers 1is also the dialsetical notiun of

nuriber which is eslled numerus numersssa, It is by ® conception
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of this ikind the & even RON-NOLDEBUBOUR things cun be counted.

ie con ssy thet sp angel, e buttle, and e grain of sund ass
three thinsse This will be true, but the three which is seld |

of these thing. will not be @& precicamental number, since 1t

Joes not messure really homegeneous thingoe o quasi-honogene
eity is siven tiem by the aind when 1t unites them in the
logical genus of thing, but this is nol a resl homcgeneity such
9. 1s reguired tw consiitute ihe punboer which is the subjeov of
aritinetic.

' this seoccnd zense in wileh nuwsber i3 uned, namely, nussrug
numerans, is formed by the mind through s further prescinding
grom the properly quuutiﬁativc notion of number, Just as

aumerur nuzerstus 1e sttained by leaving ssice all njualitative

4ifferseuces between diferent tiliss aad retaining «nly the
sure netion of parts of & homogeuscus gontinuum, sb nuRerus
nusersns leavas szide even homogeneity and considars only the
order thst 0an be counceived of as existing between ncaehono-
zeneca. objects when thoy are trsated by the mind ee iT they
‘saered in some genuse (27)

classical arithmetic, that of zZuclid in Books VII through
I. of she :.lements, for exemple, tre=ts only of nmEerus numerstug,.
dYedarn mnthamatios 12 foundsd Pothe. on DUMEIUS LQACITANRS, i€
will nere cunsider the nods of prosedurs of these two disci linue
in ori@: . 8ee the rofound differen.es thuat there sre betacen
themy how, for instence, one is perfectly gcientiric in itz
prucedures ond the other is snly diulcetiocnl.

The firat opro. .siti.n of the seventh boeck of ~uolid's lemonts

is: ™iwo unecuel numbers being sed cut snc the lesa being

wettluuou: ly subdracted in turn from the grester, if the numhep
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whioh is left, does not measurs the other, the ¢riginael numbers
#ill be prime to ocne another”, For instance, 1 chooue two
(i) numbers‘zs and 7, and then set them forth thuss n29«7 equals
22; 22«7 equsls 15; 15«7 ernusla 83 8;7 equals 1, Of the
orizinal numbers, 2% snc 7, the proposition states that 1 can
say that they ure prime‘to_une ancther. By this is meunt that

' tasy hsve no other comuon measure then one, The proof is us
foliows:

wFor, the less of tWo unequal numbers aB, CD being cone
tinually subtracted from the greater, let the number
which is left never measure the one befcre it unul an

vnit is left} .
1 suy that =i, b are pri.e %o one esnother, that 18, that
. . sn unit alone meusurss ab, Cl.
| For, i AB,C. are not prime to une another, some number
will messure theme. .
. Lat & number messure them, and let it be 3; let CD,
mea.uring FH, le ave an unit HA. o
cince, then, L measures Ul, and ol meusurecs BF, therefore
b also meesures LFe
But it alsc measures the whole Ba; therefore it will also

measure the remainéer aks.
fut oF measures DG; therefore E also apesures JGe '
int i1t also measures the wmhcle LC, therefore it will aled

psasure the remainder CG. :

. But UG meesure: ¥Gj therefore E also measures FH.
zut it alesc measures the whole Faj therefore it will also
neasire the remsinder, the unit aH, though 1t 1s & nunoer:
wnich is imposaible. ’ '

Therefore no number will meazure tie numbers 5B, U
therefore ..B, CL are prixe to cne ancther.”(28)
fuclid's methoc of proofl 1a to muppose that they‘ha#e another
coumon measure znd then W show that as result we must aséﬁme
t?gt a greuter pumber o:n measure a leasar one. ~verything in
+he eauncistion snc the proof depends on the aimple notiun of
knumbers and the coperations tnai ére possible foilowing tﬁo
nuture of each number, It is pcssible to subtract one numbef

rrom unother because the seccnd is greater t.an the first, =nd

&:) it is impcssible thot a greater<number'shauld maaaure; that 1a

@iviue evenly, o sumller one. This is all that is necessary to
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state the proposition and to prove it, In other words, in
cuclijean arithmetic problems and proof oan be reduced to
l, certain self-evident priﬁéiples, ag, for inctunce, those abou.
greater and lesa cuéntities
2. %o the simyle notions of unity and the numbers,
a2ll operstions perfurmed in it are Justified by these same
perfectly certain starting polnts,

Let us contrast t:.is sclentific mede of procedurs with

nodern algebraic nsndling of a probles, Zor iastance, it oan be

stuted that 2 = X equals ys. I thls is o have weaninz in ithe

sense of classic aritnmetic a must be grester than x, but zodern

algebra iz rot content wita this limitetion. I strivee tg be

gerfectly genersl, that 1. to meke u statement that will be true

for all values of its uymbols, If a ecuanls 8 and x ecusls 10,

alzebr« invents 2 in order to permit the interpretation

of the equaticu. Likauisé in orxder that all numbers cen te

.ivid. d, fractions are iavented, IFurthermncre, other symbols

sre used to allw the extraction of the aquare roct. of all

numbers inoluding sach numbers as 2 which do not huve squere

roots, algebra thus reverses the method of srithnetic by

inventing what pesses for sumbers to justify 1it%s operaticns

inctead of naking the rauge of possible opsreticns depend

on the nature of the numbers 1nvoléod. zven the rule:z for

o erstion beccme extremely mystericu:s sometines, It is ime

su8sible in the range of elementiary algebrs tc understand why

s minus nuzber %imes & minus number zivee u positive one, thouzh

this must be sdopted &8 a rule of procedure Irom the very firass,
"The use however, of the samas teras in these two sclences

w#ill b7 no meene im ly that they possess the same meanisg
in 211 their applicuticns. Il .rithmstic «nd .rithuetical
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algebra, addition and subtraction are defined or undere :
(’j ' stocd in théis ordinary sense, and the rules of operation |
~ are d Juced frwun the definitiona: in Syubolicskilgebra, we |
edopt the rules of operation which are thence d:rived, o
extondin ; their appliestion t¢ all values of the symbols '
snd auopving else as the subject matter of our operuticns or €
of cur ressoningu, whutever sguantities cr forms of syme
bolicsl expression msy result from this extension:
but, loesmuch as in meny ouses, the operstionas required
tc be performed are impossible, and their results inexe
alicnble, in their ordipsry sense, it follows that _
the meaning of the operatiuns performed, a8 well &s of
the results obituined unuer such cl roumstsunces, must be
derived from the sssumied rules, and not from thelr
dofinitions or sssumed meanings, a8 in .rivhmetiosl
o dlt};eerQ"
2ecesssesose . ' . (
*In &8 :@ueh as the result. of symbolical addition and
subtraction are obtuined from sn assumed rule of operation,
and nut from the definiticn of the operation itgelf, it
will follow thet thelr msuning, when a:pable of being
interpreted, wust be dependent upon the conditions which
tiiey ure required to sutisfye"
s sssnsecone : ' )
"1t appesr., thersfure, that in the ocnce of @gutive syu=
Lols, the operuticn ol uddition is no longer as.cciated
with the funcomentsl ildea of incresse, nor that ol sub-
triction with that of deoreuse: and thus s ochange of sign
from plus to minus, in the symbul operated ujon, ia
ejuivalent to a chunge of operetion from addition to sube
truotiun snd converzely." :
..000.0;...
"The sixns plus snd :xinue, when prefixed to symbols de-
notia; quantities of the sume kind, oanunol dencie modie
fieations of ms. nitud., but cnly suech affectlions or
nualities ui the mugnitudes represen:ed, as are convertie
ble by the operaticns of addi tion and subtraction: 1t 1is
“on this sccount thet -a cun acmit of no interprotation,
as compnrod #ith a or lus a, when a4 denotes sn abatruct
siber, to which To cuulities are attributed.” -
[N B R N N )
‘yuantities and thelr symbols ure said to be real or ‘
scusible, when thoy csn be shewn tu gorrespond to resl or
- .o08s8ible existences: in all other ceses, they ure suid
to be unresl, izpoasible or iluusgioary. It will foliow,
therefore, that when positive symbols represent resl quane
tities, the smume aymbol. with a negmtive siin will be snid
to be lupussible or lusgloary, whenever they are not cepable
of an interpretaticn, which is ocunsistent with the cone
: . R ditions they are requred to setisfy. IV remsims o shew .
. = ths there exist large alusses of magnitud.s which poscess
(\) ‘ sualities wnhich can Le correctly symbolized by the sisns
” 2lus ane wminus, and that con.eguently the terns aegztive
uhic inpesudble are nut cwextensive in thelr applisticn.,”
(29)
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algebra is Jjustified as a neans of cslculating the meu=-
surement of contiuucus quantitlies. Its great operaticnal
facility mekes it an apt instrument in the physiocal scienc:s
where it 1s necessary tc have & formula that measures one
sort of length or area 1p terms of another. Here, what 18
sought 1s not the properties of a subject in terms of
its own intelligibility, but an approximation of one‘definite
(and in this sense eveln variable quantitlies are definite)
quantity in terms of enother.

shat would be unjustified intollectually would be to think
that slsebra and arithmetic are mathematics 1n the same sense,
one sturts with simple self evident statvuments immediately
araspible sy the mind without experience; the other, with 8
dinlecticul meaning ol aumber justified only in terms of
operation. (30) One 1is 1ntendeﬁ as a means of understanding
the nature of the objecis it studies; the other 1is used as a
sesns of calculaticn merely. G(ne is absolutely certain and
scientific. 7The other is a dislectical since it eflectuates 1i1is
operations through beings of reuscn snd is only signiricant when
its result. afe capable of interpretation in terms of the jhy-
sicul objects to which it ultimately relates.

#hile it is justifi a ble to teach algebra to even young
student:, even necessary 1in view of the needs ot the experi-
mental sciences, it is sophistiry to pretend that its *"pumbers”
are pumbers in the seme sense as those of arithmetic, or
that its opersticns are the suue, This is the effect of the
 teaching of algebras thosek and especially by those not

serfectly capable of distingufshin disleciical reasonin. from
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shat 1s scientific. Those who 'have not this ability/with

'.yarfect aafetj upndertake the tsaching or even tne &roloubed

atud; ol ulgebru. Othsrnise the mind:i1s warped by being
axerc 1,od in 4 diselipline whera it is not possible to xncw

the aef&nitiuns of what is being studied and where cone

freasons accoraing to rules that one does not understund.

I such ;rocedures are confused with sciencs, then the
setural tendeney 1. tc velieve that all resscnlng 18 ;0Se

;ulutional, and that it is impertinent %W ask what one 18

. taliking about. ZJerh:ps the widespread atrophying of the

phiilosophle tanper of'miqd someti .es cbserved in ncdern

students o«h be traged to sueh wophi:otical formntione
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Wuaniity is, u5 we hsve seen, the oruer of parts in =
aholce . hon these paris ere discrete we have numbern; 1 they
are not, we hsve ccabtinuous juantity. aristotle heas pointed
dut several ways in whioh s quuntity osn be oconvinuous,

‘(1) Ir, for inatsnce, tho parts are unitec by a ligature or by
coutuot or in aay other suoh urtificisl way @e huve a kind of
gantinuiiy, but thia is not the £ind of unibn of purts in which
sontinuity properly consistes IV 18 possiole tc characterize
the sroperly contisucus as thxt wherein tihe end ol cne part

i3 the be:inring of the othere (2) It 13 this infinite den:ity
that i3 proper % the continuum, and it 18 Irom thic chnractere
istic tusat all ita other properties, (fite ianfinite divisubiliv:-,
for instnanee,; follow.

.3 we pointed ¢out in the previ.us achapter, xetlhonwtlios
au s iut atudy nquantity aa juantity, ore particulerl. ,
geometlry does uut étudy the continuum as such, bu. rsther it
studles the interminste gcontinuous suantity accordinyg to the
specinl manner it is grueped in msthemaiicsl sbstrsctiion.

It is this special menner of consideration that distinuisnce
the zecmeter and the srithmetician Lrom the mets hysioclan and

the natursl shilosopher, Tngso ronarks are prefaoad cnly to

avoid a nossinla coniuaion hetween a study like this cne Ior




are sctual, however, or we would heve not cne lise but meny,

w0t cenilict with the intemmiineteness of nasheuutical lines,

senus of egntinuoua guantity 18 i.perfeect, Idenlly A Leasurs

untity known,

lenn

instunce, and one thwt would bs properly Lsthematicsl,

Lxtension, wialch is aynonomous with continuous uentity,
csn be ol three kinds; length, bresdth, und thickness, (3)
isese ars the priﬁary speclies ci all that bebngs per se o
gentlnuous suantity.

soint, which {5 defined by uuclid ao that wihich hss no
sart8 (4) ls the prineiple of s line, juzt as a line ia the
teri: of 8 surfuce and 8 surisce i= thé ter: of 4 selid;, A
line musat be teruinated by points, othersise it would be ipe
fialte aﬁd this is i ..ouai:le,

“similiver, se ¢sset longitudc 1nfinits, ncn esaet
lines, Lineas enim est longitudo mansur&bllia.“ {5)

These polnts are sotual, that fs %o suy, they sTe tae 1
real terminaticns ar the line. Desiues thece terminal pointa. ;

«very 1ine hae esn infinity of points in soteney. XHone of these
#hat is snid here about the teminaticn cr'every line does

since cathesstics does nob envisage lines s infinite, but
rerely @8 not having eny uefinite lengtih, |
#uint differs fron cne, prineiple of aumber, in thét it 15
Lot actually pieaent in the lina; end henco 1t oshnot mespure 1t.
t 15 for thle reesscn thut there is no minimun weesure in con

tinpus quantity. Henee 1t 1s, also, thas any maaaure in the

zust be firat and absolutely sdiiple in order to éake e Yet j ]
the qu&utity of what 1. veing snessured, IL it is not sorfectly

i ple 1t requires sumething beyond 1itself to wake ito cwn




wfBw

iven position belongs %o point only per acoidens, Jouhn
of .te Thomus gives & aaiisfyiﬁg‘siplsnation of this,

"SECUNIY CULLIGITUR punolum separatum non esse Der se in
loco; caret enlm quantitate, et illuc dicitur per se

asse in loeo, quod potest par se loco moveris Suantum
suter non poiest per se moveri lovo, (ut dicemus infra e
20. arte ults.,) quis correspondet tantum indivisibilil
lecis L1 smutem movereiur per se, immediate pust
cerresponderet alteri indivisibili; non dsntur autem duo
indivisdbilis luzedlate, Lolum erge punctum est per ace
cidens in looo ratione psrtiun, quas jonuntur in loco,"(8)

ihis ewu wlzo Ve geun Irom the fuct that points'intero
peneirate, snd that no twe things oun bo in the same sluce at
tho zane time,

"ltacue plurs incivisibilia aon reguirunt distinctum
locus, ased tanguntur se totis, quia idem est in 1ilis
tunzi et btungl ge totis, cuu careant psartibus; faciunt
taaen, ne purtes penetrentur, quia feaciunt ne partes ne
totis tunguntur, sed solum Ponse 04tromitut®bececee
qued punctum coatinuativum inheeret perti inadseque te,
seilicet toti perti, sed non totsliter, nec esam gompree
herndo ot undinue peneirsndo, oux sit 1i11 inproportioe
natus, utyote indivisidile ocum divisibili, sed ishueret
partl tsmquan sublecto ut prinoipium edua vel Iinis." (7).
iine, wzrface, snd sulid sre the uliimate subjects of
seocnetiys lhey, liko all that belong: per se to the presicanent
of jguuntity, have s guaslesubatsantial casractsr, aa.bt. thomes
reonriks, @ad taus we oad deuonstirute their proper passions of
them, 4unese ultiaete subjeots are not eomatructed, but they
sre sbetrscted from neterial beings, e are not stwiying
cunmhing of our gwn orestion when we study gecre try, but'aame-
siiing objective, an aspect of e terial being,
It 18 f.pcmtit to insist on this cbjeotive charsctar of
pronetry, since Knats': view (8) that 1ts ouject is sunetning

puarsd; lcesl uss obtvined a widie gurrsucye This is no ,luce to

anter Lot an 2xglunsticn of als wsitiune For gur surrose 14
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| is sufricient to oppcse the sristotelian dootrine of mathemti te
icul sbstraction to 1%, and to inslat on the ccnsequent che
JButiVitJ 6of 8ll methematics in the proper aenae, n&ﬁalj all '
that ahich deals with ﬂpecies ul nhat ia per se qusntitative,

No less fslse than ‘the Xentian view or the object of
‘Zecmetry, i8 tho opinion that geometr" 1s the study of spuce,
that 1s of the actusl dimsnsiona amnd shupe of the =mterisal
universe, ”his view ia axpressed in sone mathenatlicsl write
in,u from at lesct the time of [ecoartes. () In a wa s Kan;
icid n0% deny this oﬁinion.‘bnt merely trausformed it by.éaﬁing
space a eategory ofl pérce;tiun rathe: than rometiiing ppggioally'
exiztent in the universe as his prodecesﬁoré had done, "

It .15 acnetimes slluged in favor of zodern dielectionl |
geonet-ies like those crkRiamann'nnd Lebechevski thut they sre
or usy be truer'thén'thé Sucl ideun becmune they descrite ore
aeéuratel: tne eciual pﬁy#ical univer:e than tuclid®s geonetry
dCE8e  Uuch B stalemest im bmsed on. o false QﬂdB?Stﬁﬁdi"n uf the
nﬂ;uré of teometry. Continuous quantitj a8 abatracted from
ms berial beln&a ccntxins nothing but the gotion of pure exe
tenaiun in 1ts teree dimensions. attached to tnead,fundgmental
'ccncopta &#re yrogertiew dike straignt ghd curved for‘lina,
the specie&.of'polygou for Tijure and the variocus kindn of
80lidse het constituses the sclence of decoe try is the demohb
dtrauion of the properties thet foliow upor the doemonstrntion ol
'ita u131mata.$ub3aeta. I% 1s complaetely Jer accidens thst,a
given theoren wmnifest or dues not msnifest the properties of
the wnéla ghy-iesl univerw.e or ene of it part.. lt belon's o 4
sclentis 2exiis like »8Ironosy W apply the finﬂia;a of Kucmsiry

in . the: @ﬁ?sicaL'wmmid;




Thus the tiue concept of the objleot of geometry is that
it 18 comething real, something not fsbricsted by the mind, but
rather abstracted in such a way that all sensible qualities
that belong de fucto to the physicel universe are not included.

It is impertant to see that it is sensidle qualitiea that
are excluded from mathematics and not necessarily all qualities,
ute Thomes gives the example of hot and ecld and othera like
them to illustrate whaut{ methematics leaves out.

"densiblis quidem est, quae concernit qualitates sene
aidiles, oculidum et frigidum, rarum el deusum, et alia
hujusmodi, cum qua gquidem materie conorets sunt nature
alia, sec ab ea abstrshunt asthenatica, Intelliiibilis
sutem materia diocitur, quae accipitur sine sensibilibus
qualitatibus vel differeniiis, siout ipsum continuum,

Bt ab hae materia ncn abstrshunt mathematica.” (10)

This is olesar up to a point, but it must nct be forgotten
that "trinngle” and all such determinations are qualitative,

"Mathemstios enim sunt numeri, et magnitudines; et io

utrisque atimur nomine qualis. Diciaus enim superficies

6880 nueles, inquantum sunt quadratae vel tringuleres,

~% similiter numeri dlcuntur guules, inguantum sunt coue

pesiti, Dicuntur autem numeri compcsitil, qui ocomaunicunt

in allquo numero mensursnte eosj sicut :senarius numerus

et novenarius mensurantur teraasric, et non solun ad

unitaten conmpsruticnem habent, sicut aac memsurum oommu?am.”

1)

The explunation of this seeming contradiction between
a Torm of abstrocticn that excludes sensible qualities and yet
ggens %o inolud: qualitative determinaticns that are seasidle
ilke not and ccld woula seem Lo be that "trianzgle” and all
#1.iler notions are quulitative duterminastions of guentity as
sush, sad not merely scn:ible qualities that inhers in the
subject as determined by quantity dut do not deteruine further

whe ¢ is specifically quantitstive, It iz rather tc this laat

Kind of quelitlies that heat snd ocovld, etc. belong.
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I geometry doos not ecnstract, but rather receives it
(t) object, 1t does ume construetion a grest deal, It Thomue hug
s , 70lnted cut that there are two kinds of subject in gueonetry,

"In 1llis sutenm selentils, mae sunt de aliquibus seci. ,
dentidus, aihil prohibet .d, cued 80cizitur ut subieetunm
respectu alioufus péssioni s, secipl atiam ut passicnen
Fespectu snterioris sublectl, Hoe tamen ton in infinjie
hitun procedit, 8% anim devonire ad allquod primanm in
stiontin 11la, mod ita ascipitur ug Bubiectun, juod nyle
10 acdo ut 88s81os siout patet in sathemntiol s aaientiiﬂ,
quae sunt de nuentitate dontinue vel disorsta, “UPD0e
auntur enis in his 8olentite en quae asunt prims in SeNGm
e quantitatis; sicut uniias, et lines et 8uperficies et
&#lla huiusmodyg, Luibus 8uppoaitis, per demonatrationen
auaeruntur quasdam nlia, sicus trluagulus @cquilaterus,
quadratum in gecnatriels ot alia huiuemody, <N88 Quie
dem denonstrationes quasi operstivae diountur, ut est
iliud, super sctam dstam trisnculum ae Bilutew
T gons dore. - uo adinven p DUTBUB de @0 & Qua
pessicnes pruBsntur, sicut asuod eius unguli sunt 86Ut ™
las vut alisuge huiusmodi, rutet igitur quod riangue
luz in prime zeodg dezcnstrationts ge habat y. puss 1o
in :ucundo se habet ut Sublectum,” {17)

The first snd most iportent are the ultinate subjecta

~F

iike line snd rigube, but cne of the first taske or the
socneter 1s te prove thas it 18 possitle to take o sinpler
sucjec: iike line ang ‘rum 1t to conastruet s fore complex one
lige trisngle, lereby he arrives at s Begcondery xin¢ of sube
J:a8b abwui ﬁhieh ne makea‘rursher Cemonstre ticne, The; remain
aecbndury because thay arn.tpdueibbe to the alementéry n0%i uns
that nra‘éot ccasiruoted bui discuvered, Indeed, the very
paaalullity of the existence of te gecondary subjects Temsing
4 property of the primery, | | | |

| nlsé, gecned$ry uses eunatructicn very oxcensLQely ag a

aesng of Aanifesting the propertiss of s subjectzs Ariastatle

ralors to tae cngtraszilon of o line tnrcush the vertex of s
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trisnzle parsllel tc one of the sides as = means or annifesting
that the sum of the atgles ol a iriangle sre equul to two

ri bt ongless (1%) That he wes referring to one of the nmout
indlupensanle wethods of the jeometer can be secn by merely
looking at any zeomstrieal WOrKe

The geometer buses his acience on derinitione, &Xionas,
and ostulates, The deliniticas ure withar noainal define
itions of what we hsve cslled the ultimate subjects of
gec.etry or they refer to potions readily tracesble to these
altinmute notions,

The axiczs ure special geometriosl sdaptations of aure
general prineiples which are sell evident in themeelves, |
~Vi:eatly 1t does not belong tuv the geoncter efther to :xe
azive of Jeofend these grisuiglaa.l 50th of theus tugks Dee
long t¢ the metaphyaioiun,

Jeciietrical postulates are statenrnts of the POB8ibLILLY
oI effecting certain ccastrueticns or of the results oy auch
el vrugsiuna,  shul i noedoﬁkto niow the Lsgltim&cy 34
these justulates iz to show the sature of the possibilisy
Or Ihe inevitubility izvelved, Canjetsn dlatinguishes two
wEin adnd. of poselibiliiy: physicel Ppusgibility und wnat
he eallis equivaesl possidbility, The second of thezs inclusiss
gathem&t@cnl possibilic.,

"Aristcteles diviaig patentiam in potantiss, quue esden

ratione poutentiae dicuntur, et in potentinas, gquae non

88 raticne qua preedictae setentise acmen tsbet, sed alia,

&t has appellat aequivoce potentiaes Sub primo membro

acuprehenduntur cmnes potentiae activae, et pesalvae, et

raticnales, «t irrationalea, ~u&8ounque enin posse
dlcuntur per potestiaxm activem vel pesasivan quei habeant,

exden rativne jotentine Bunv, quia scilicet est in eis
Y1ls prineipisutn alleuius sce@ae vel n&ssivae, T




line faliing un twu other straight iinea aske the interiur
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sacundo auten nembro oomprehenduntur Jotantiae nathemse

tlonles et loglosles, juthematios potentia est, jua

linear posce dicimus in quedratwa, 8t ec qucd in SERe-
tipsanm duats quadrstum constituit, Lu@ioa potentia est,
gua duo termini coniungi ubaque contrediotione in enupe

cluaticne possunt,” (14)

CajJetun does not expreasly say of mathenaiical possibility
that it reslly mesns Gcneconiradiction, but this appéera to
2e one ol ite zesningse 48 18 conci:tent with a mathematical
st8 tement the test of pue81bility, the munifeststicn of noNe
contradlction, nust be visuslized in the izagination,

 Por 1ﬂstmuoe, when it is said tn&t it is jossible to
drew & line from any point to any other cne, sll tnst is exe
sreseed 1z the non-contrad‘cte‘ineao of such a eon&truction.
iThere 1a authing in the nature ¢f a line tnst prevents its
warains t*u; in any twu »1van points, The verification of
this is made by reforring the suggested cbnatructiun to th
imeze of iine in the imsginatione Thus is certifled to i8
that there im sothing ubntradicterv in the auppcuitien tasl suen
4 line 15 er can be cchitructed,

ald o
- The nos: utl&brﬁtﬁ& af /the poatulates ia suolid's fauoua

Tirsh sostuletes It 1s ususlly enunoisted bous: "I a atrsicht

aniles on the mame side lews then two right an, sles, the two
atrai nc lines if produced inuutiwitely soed on ﬂzl side on

w‘ieh axe tha tlglesn lens tasn two richt unslest, (15)
This poatuleta aue given rise to andlesa qontroversy sac it

has Sesp intarpreted in such = way Ao to cuat doubt not only

on 1t but upon the whole of “uclidoan geomatry, Perhans it

i cot too nuch to 83; trat ihe widespresad Jisdeliefl in the
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posalibility of certain knuwledze hee am one of 1t8 mein supports
Whe theory thet the £irth poustulate is arbitrary and hence that
Jécmocry itsell is uncertain, Jecmetry hag al@ay: been reoe
£uarisue us cne of the .oet certain achievementa of the humsn
miade IV is valy rsasonuble, then, thatg any doubt csst upon
it would alsc reflect on the power of the mind to know snye
thing with certituce,

the way in which the firth sostulate is underzined ig
to declare that there iz no Touson to sup.ose that from the
sane .oint seversl lines csnvot be drawn peraliel to g 3iven
live, iHence, it ia suppoaid tiat there are several sueh lincs
snd all of them are called parallel, It will be admi tted
thot wite slld except one of these lines the Srancversal cute
Yin e@son of them apd the iine to which they are supposed
pa:aliel will form les: then two Tight angles on the mame
side of the trencverssl, In other words, it iz suzsosed “hat
1ll the "parsllcls” 8i26D% one will be inolined toward “hy
snooier unu still zever .eut, e “ust ask then shat i the
emructer of the inolined iilnea. .«re they, for inslance,
2Er3L4NT or curvede LI they are .trajznt thay must de homoe
gexacus in svery part opr the;s will uot conform to e farous
descriptive derinttion tiat has struight linea extending
everly in every part, By this aefinition 1f the buginzing of
the line is inolined ever so slightly, even a bilifonth of =
dugre~, all the other 78.%8 sust gontinue o ineline sccore

dingly. 4s long a. we Suopose that there will ocontinue to be

aQomozeneous inolina$ion there i. a contradiction involved in
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suppeaing that linesa which are sspsrated by s finite distence
Sill BGE e by | |
KMemunn's introduction of a disleoctical oconsiderstion of

the line bused on the mture of the horosphere does not in
any A8y contradict whut we hove saids It is true that, 17
we suppuse 3 circele o¢f Infinite redius, any»part of thé cire
cusfersnoe would be 1nﬂiétinéuianablm from a stralght lins,
This zeons that the saze line can bs regarded as straight and
cur&gdg' dnet 1s lmaportant to remember is that we hauve here
aothing but s hypoihesis useful in dislectical conzideration
but in the last lastznoe expressive of s contradictbn, ﬁd
line, =s themeticsel or resl, con be at cne straizht and acte
ét:aight any more than it can be & i1ine snd not & 1ine. It
would be foclish to sbundonm perfectliy cleAr aﬁd certain define

ivione like thouse of stroight line for a purely dialecticsl

‘oonsideration, however useful,

If we rule out this contradiotoxy ncticn of the line, the

ouly way in which frow s given point more thesn cne line cun be

drown auw of course prolonged in both directions so ss agwver

to 3eéa'a~5ivvn line is for all ssve one to be asymptotioc.
A8 we huve seen, t.ey osn be ssymptotio cnly 1f Ghay are unot
sirsight. Hence it i& sn equivocstiion tu oslil the cne sirai;nht

line drnwn from 6 given point 80 s8 nout to meet a given iine

- perallel ie the same sense as a ausber of curved iines,

it is not astoundling Lhat nonefluciidesn zecmetries Sbgulg

be uselul in desorioing the aspuce that secms to be iuneluded in

vur shysical universe. &il its main types are concersed with
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ourves, wheother hyperbolsas or ellijues. Jhat wouder 1s 1t
thet they apply very well tu a space that exporiment seems to
ancw 18 a curve with a tremendously icng c¢lametert? (imesic
seumetry has lonz since undertsken ths strictly solentiric
study of the properties of surves. #hat huaa been adced by
“ie nenecuclidean: 18 the use of the slgebraic method of
un&lytio geometry, It 18 ia no way 8 contributicn to nave
sdded the egquivogel use of the term perullel,

It is onl,; tule last sapeet of thedr work that is
uncesirable. 4nen they Buppose that Zuelid's work rests cn
an arbitrary scsumption they meke 1t dimlectical, alonzsiue
of it thoy pretend tc sst up equally arbitrar; cytteuses Thus
Zuelii? becumes one syecies of a wide variety of geomctries
end some have seid shatb schools &hguld teach gecmetry acoording-
ly “rom the ver; First, 7shat is lonmt herec iz the formatioun
of the sclentific habitus with the conseguent ncepticisa we
have sposen about. .41l %this shuws how 1mport§na the regulatory
role of tve messprvoiotun ‘a in exsaining aand Justifyineg tie
2rineiples of the cther sciences,

An excellent example of the contraast hetwaén the anciant
sclertillc methemntios and theip redorn dislectionl develupow
aent 1s ufforded by compe ring the work of apollonius on Jonig
~8ctions with the trestment of them in amalytie Zeoneiry.
Tuke for instance the eleventh propeaition in the first bock

of apollonius,

"Let & cone bs out by s plane througzh the exis, ang let it
be ulzo cut by snother plsns cutiing the bu:e of the oune
in = struight lino perpeadiculsrp to the ba.e of tie

82iul triungle, and iurther let the diometer of the racticg
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be psrnllel to one =l de of the axial trisngleg then if

40y siraight line be druwn Trom the secticn 6f the cune

perallel to the common section ¢f the cutting plane

ehd the base of the ¢one ss far s the dlumeter of

the sscilun, 1t square will be aqual to thes rectungle

bouaded by the intercept msds by it on the dismeter in

the diraction of' the vertex of the secticn and a ocertnin

other atruight line; thiz streight line will bear the

some rstlo to the lntercept between the ongzle of tha cone

atd She vsrtex of the sagment ss the square on the ba e

remalning two sides of the triangle; and let such s

secticn Yo called a purnboln.” {16)

~ after the construction of the parebols has been thus

described end cne of its progertie: set forth, he proceed to
prova the propo.ition. His methoda are properly gecmotriosl
snd every etatewent he uskes oun bo jJustified in terus of the
elamentery aotion of rigure, line, proporticn snd the axioms
and postuluates, |

anulytic geometry hms ms 1ts isitisl pootulate that for
avery point on a line there exists a nuuber and for avery
nunter ihere correspon:s 3 point on a line,. obvi .ualy,
tils suppcses « diulseiloal eoace;ﬁien of nunmber tuat 1néludca
Creetions snd the roots of nuElhers thut are nct perfoet
scuarss. This means that the number system atienpts %G Iee=
produce the demaity that belongs to the continuis, Alda.
the line must be thought of as being poiats in act, ané so to
be resmlly discrete and not continucua, | |

o008 this initiel step hes becn taken it 18 possible to
construct a graph dividing uﬂpsgé'into fiur partqe The civie
sion 1s made by two lines at right snzles to one uncther,
ithese lines sre civised rsocording to & scule to ropresent
sumbers. Onve this is done it bécumes scasitle to represent

any acinv e the peper in terms of ito reforenne % the
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dividing lines, Formulae osn be set up to describe the locus
of any line during its whole length. This is dcne by sube

stituting numerical values for general symbols like a, b, snd -

X« One of the ways of representing the parabola is by the
formule ya ecuzsle 4ax, Thie formula pemitsa us to dispense
with gesometrical conolderations and to work only with symbols,
#hat is sought 1s euse of operability and nothing is eesier
than t¢ work with precisely these symbols, They must dbe
interpreted in terns of thelr corregpondi:nce on the graph,
since some values of the syﬁbola may involve quantities that
nave no cense in terms of the graph. An example would be a
value that would make cvne of the symbols meen the square root
cf = neguative number. Furthermore absolute accuracy csnnot
be had because there will elways be s margin between the
smullness of any fracticon and the infinite divisability of
t.e continuum, For most operationsl needs and for applicae
ticns in engineerinz this discrepancy is of ccurse negligible.

4hat 1s lost, though, 1s the manifestation of the propere

ties of a subject through a proper concept of 1%ta nature., It

i tnis that Appolonius supplies snd thet analytic geometry
cannot, It is well that Jescartes' discovery of Aﬁalytica
permits us greater facility in operstion. It is not well
that this szreater cpergbility should have osused us to neglect
a acre scientifioc mode of prucedure in the early steps of
education.

Two thiigs make u sclence perfect: (18, the certainty of

it onrinciples and the nobility of its objecte Clascical

mathematics Is. Preeminent amangst human sciences In fﬁe et



»d 03

resgect, Its prineiples are not only st certain per se 0

but alsc gucad nos. For this resson the young should study ;j

it 8o ithat they mmy begln T poasess sciegve tc the degree
and according to the nmoue possible for them at that age,.
The object of olassical mathemstloa iu aun aecident of
zaderlal subsiances cunsidured'inadaquately, acooxdihg to a
nede zhst'mﬂkes it iccapable of exiating, It is for this
regﬁbn thet mathematicﬁlvobjacta sre not good, a1n0§ the
goéﬁ is object of deaire snd we 6sn only desire what is

astunl or oapable of becoming 8c. [lesire carries us ocuftside

surselves toward objects ss they &re in themselves, II they

are idcapﬁbla-cf baing in thamablvos'tney cannot be desired,
considersd, then, from the point of view of their objcot

the =mathemstiorl sciences 2re not the noblest of humen dise 5

siriines, Huatursl coctirine sives us a fuar richer Lnowliedxe
of moterisl substances zince 1t censiders then adequutely
socording to akl the onusez, It seeks %u unuerstund thelr

prisciples, osuues,and elements as iristotle suys in the r'irst

vouk of the ghysicse (19) In éthbr words we seeik to pensirste

act only into waat 1s generically truavbut NS téy_tb utidgre

stund tne incer constitution of euch thing as well na of its

aroperties ang lnseparable socidents, .
netaphysics ia our AuEsn mbae of kacwing thoage thinsa

that are aizher then we are: the sejarsisd audstances wnd

‘the Cause of ell being., Henué, it has & nigher object thanv

alther astursl Jdectrine or methenstica,

Ifutiwied 4o Lae agdern dlajeclie il cevelonient of aathoie
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atice io used !minly in un sttempt % mmrifest lzperfactly "
apu sxtrinsicul.y the properties of msierisl substspoes us
these are rellected quantitetlvely, it tends t¢ heve &
acbility thet elus. icul mathecatios hus Yess verfuctly,
+5ls ozn be sulu bectuse the leas perfect opesrsbdility or
slCLonT rathenadics nwmicey them les:s adaptible to being used
in zuturel doetrine, .

Yo desplse the dJdislectiosl developments of me themutios
iﬁ Lo desplae Lodcin smplirical investigetiuns inte nature snd
that is o unveresiicets the umin achlevenent of the lsat
four hundred yeursve. Hothing like this is Luggested wnen the
dlcleatical chsracter of these disciplines ias pcinted out,
it iz inportant, however, to be able %o dlatinguish whnt
1s selentific from what iz diulecticol, Teseching wnich obe
scures ox dsade:s this diatinotion ls sophisticele ste Thouus
has n2id thet locic {20} must be learned bLefors mahenstice,
net because lozis in eusisr, “ut becsuso 1t i nore TOCBEBAT
It 1: needed nrecisely ic ,rotect one rom bains mal.ormec by
G ulscipline which (in its specificully mu.ern rorm)~;rcceeda
froa conceptions that only the noet lesrnsd uncerstsnd 8CCOre
Qing %o sules tpot are extrenely myule ious. It is iusertinent
for u beginuer in such & dimeipline to asx shab iz beiag
tslked sbuute  If this is =88 only or bis sein training he will
e spolled Tor the intellectual life where the first qussticns

ure Tan 317 and Yquid siuv,
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in set. 1ib. 1, lact. 1, n 23,
In det. lib. i, lect, la, 32,
Is M¥et. 1, lsot. 1, nne 33, 33
Iin Met, 1, lects n.d4.

In Ethics VI,n. 1182.
In Ethica VI, a 1l40.

summs IeII, qa 57, arte 3, #d J.

Summe II-Ilae, qe 47, 87t 2, 8d 3,
in be Irin. qeV, art, 1 84 Se

fha apecial proclen posad Dy wisice will ne discussed in
he ghapter on nusalice

In kthiss ¥I, n. 1211,

o0 Trine qe ¥V, arte 1, oble 3 and answer tc objection 3.

in Poste amal, lsct. 1, 0s le

Idem, n.2.

ldem, B, 4.
Idem, ne S
idens, ne .-

Idem, de 8,
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Lositheus, s Gremmatios in Keil,Vole VII, Pe 376
vlozaedes, iTg Grummaggoa,Lib. II, in Kail’vcl. I, De 420
Minviliian, Instit, Orat,,Lid.,de 4, 10.

I lib. Peri Hermenelas, cupe I,e

Lte Thomss, in 1 Lib. Peri Hermensine, prolojuce.

Iﬂ é'.-.v“:Oﬁtv' -“\F.U%‘.’ lﬂct. l. Ne 3.

wie o __octrins Jhristiang, Lib. I, 4,
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d'Histolre et e
et 80qe

Actionsire
s CU

Cfe Arts 1libéruux, in
Géographie, Tone 4, pe B

Auongst others that of Thomus of irfurt, ubliched in

the com,.lete aorks of iuns Scotur, vols. le €7 aluo
Gilzon in the 2nd editicn of hie £hilosophie iddievnle,

{lotas on Chupter Lhree

ofe L8 Postlca, cap. led,
I' 0035 ld l &t B; "“He 93. 10 at 90.
iuez 8% I, pe 35, 28, U ad 4.
{be fine arts, ull of thom urts of iwitation, can be
clagsified according to the specisr of quality uley
imitate, irsinting, soulpture and arciiteoture imitste
forn and 1 ure, the fourth kiond of quulity in the
li.t Ardciotle j;ives in his ostegoriese Lusia @i Lhe
dvige i.dtetes puanlion, the third specles of qualis,,
~soetry (snu for our purposes this inelwies the drans
Lrolts.ep haman actichs,as we have saiu, Indirectiy it
alac lmiteten pusaicno, since mapny scticne usre infiuchced
by passivn wad rear the aign of this influence in the
way they urs uoccmplished,
Ia llee,... 22, arts 3 Bed ocontra.
lia Iiae, ., 1l4l,s8rt, I corpus.
II I1laee, e 1l42,ar7te 1 corpus
ila ilse, .. 1li4, art, 1l et 2,
ila llae, e 127, Brt. 2; 1. 137, art, l. &t 2
iioilew, , 103, art, b aorpus

L}
-ila llae, .4 3O, arte % ccr.ous
is llue, . &3, art. 2 corjus,
wle 1B @ aime IX, lects .I1I, au. PlrTotta, a, UB7,
dgeticr ¢, 9, 1461 b De7,

Je OF H5%e [lhe G Philo,.‘«\'&.}_l@ iy LeaVIII, arte 3, .08 b 44,
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aristotle, Hhetorie I, 8,-1365 be 328,
Idem, 1350bs 28 b, et et seq., also l386a 33,
ihetorio, 1, chap, &, 1358b. 7 et zeq,

ide 13567a 26 ot seq.

In %-‘ost, insle, Libe 1, lect, 1, n.lZ, Cf, In Hth, I,
eo [ ] ' ‘l. l-{G.

in_roet, apal., lect., 1, n, 6.
Je OF Lbe The, Sg Te III, Lisp. 27, 6rte 2, De 241 n.3.

In IIZ Sahten:.

ihet, 1, chup, 2, 1356D le4,

Zrior asnslvtics 11, oap. 23, 70a 11,

Ids 708 15e24, G, Bhetoric I, 23, 1857b 4 et -eq.
Zrior ansle. I, 37a leb,

or anal., 708 25, liere aristutle B8 8 sxat ahen one

premnlsc 18 supresssd we have an enthiyueme; otherwise there
is s syllogiam, This purely 5 tertal indiesticn (umtarial
here maana exterior) ot what an enthymeme 18 has isu to

%?ss oty %igf*i?égeq?ﬁﬁa L a8 8 uyllogism witi one IrGe

ute f.u, Gl W *ic IJ .0
aticntion whatever has cesp #uiu c «ind of preciss
used 1in ag enthymese,

shetorig I,II, 1l266b 10. ,

«fe Prior Ann;, 51, chap, 33, 68b,.7-38.

in Post, ainal, I, loct. 6, ne 5. _

wihe &lbort,':n Pricr, Anal,, libe. 3, sroot, VII, Chpe Be

Rhotoric I,11, 1385b001356a4,

13 ,
\ .
N 1y &
A SIS S S}
)

a

19, Id., loc. cit,

. Ia, ITae, @, 71, art. 2 ad 3,

b
i

“0O=z..f., In Zth, I, lec., 3,
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It is necessary %o uistiozuish betwecn the speculmtive
truth pussible in radically practiewl and virsuelly
praoctiocsl diseourse frou practical truth which bee
iongs to p.oudends,

of. ¥ather Kearney, "Ceassirerts Conoeption of Art and
Historg™, in Lava% ;ﬁ%olug;qne ang thilosophicua,
vole 1, Nel, PP - °

Notes oan Chupler Five

wbe Adbert, lu Libe, I Top, Irsct, 1, gap. 2, ps 241,

Je of S8, Th,, Curs, Théol. T. I, Disp. L1, a. 1, nn.li2,
ute Albert, In Libe, I Jop. Tract. 1, cmpe 2, p. 241,242,
ot, Thomas, ¥et. 1Iv, lect. ¢, on, 573877,

S0ute anldle, loot, 20, n.d.

- In Boetighe Trine., ge Vi, 8¢ 1 curpus.

Jete VII, lect. 3, n.

“0%e VI, loot, 2, a, 1280,

iII £h7se, locte. B, nhs leds

@ Coalo, Lib, 1, lect, 13, ni, 13,

10 coels, Libe 1, loat, id, Neds

] rostele, locts 53, De lele

I rostor., lect, 38, ue O

doupifi., lect, 27, us 7.

Le _suirm 1, lecte 2, nn. +4e2D,

1O Irllie, GCo 4, 8¢ 2 COIpuUB,

Thers are gany other interesting passages, ccanfirmatory

6nd explunatory, which help clarily the nction of logical

genus ano dislectionl definition, Let us menticn Ze
§E’34um,

Irine, go 7, art, 3; Ds Upirit, oreaturis, srt, 1
ane cajetsn In e Ente et Essentis, edlit, Laurent,, 1l1,

I sopter, ..ule , lect,

iV hyie Ilite, l€CTe 1, “.ede
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30s In IV Mﬁt.. lect. 4y U 6725774
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