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A DEMONSTRATION IN GEOMETRY , ILLUSTRATING WHAT METHOD and
PRINCIPLES ARE REQUIRED IN A SCIENCE .

To demonstrate that the vertical angles of‘jhé:intersecting straight
lines are equal . '

Intraduction . :

= = == =" In eny science , we are concerned with (1)things gnd (2)facts.

Of things,we may ask(e) whether they exist and (b)what they are.

(1)(a) : The existence of things is treated by both the philosopher and the
scientist,but in different ways. The philosopher discusses their existence
ontologically; the scientist assumes the existence of some things and demonse
trates the existence of other things.For example,the philosopher discusses

how continuous quantities exist,the geometrician assumes the existence of such
quantities as straight lines,circles,etc.,and from these he demonstrates the
existence of triangles,squares,and semi-circles.Things are usually signified

by single names,as "point" ,"eircle",etc.,but sometimes by complex nemes,as
"straight line", '

(1)(b): When we ask what the things are,we ask for definitions or explanations.
A definition has parts and signifies the essence of the thing. An explanation
is not a definition,but is used to induce one to understand or intuit the
thing.We ask for definitions of those things which are definable and herefo=
ré have a genus and differentiaj;but we ask for explanations usually ~those -
things which are undefinable or left undefined. For example,we ask. for a de-
finition of a cirecle,a square,etcs.,but an explanation of quantity. "Three-si-
ded plane figure" is a definition,namely ,of a triangle; "A triangle is a
three-sided plane figure" is equivocally nemed a definition."Divisible into
parts" is an explenation of quantity. o S . .
Facts are signified by propositions. Of propositions,(a) some are indemonstra-
ble and are named principles; (b)others are demonstrable and are named theorems
(Some modern logicians end mathematicians are of the opinion that certein pro-

positions may be either teken as principles,or demonstrated as theorems.However

we shall not discuss the truth or falsity of such.opinion now). For example,
"a quantity is divisible"cannot be demonstrated;but"the opposite sides of =
parallelogram are equal" can be demonstrated. Of principles,some are within
a particular science,i.e."a quantity is divisible"is in mathematics and"a
straight line may be' drawn between two points"is in geometryj;others are out-
side of the science,i.e."a proposition cannot be true and false at the same
time"is in logic. _ :
We have not given all the definitions but only two importent
ones which are sufficient to illustrate what definitions are and how they are
used in demonstrations. Likewise,we have not given all the principles or a=
xioms,nor the complete demonstration of the existence of two intersecting
straight lines meking vertical angles.But we have given enough for our purpo-
ses.The demonstration of the theorem is adequately given to enable the reader
to see what is required for a demonstration. In the first definition,instead
of saying"supplementary angles p and q are angles p and g enclosed ete..",I
could have said "two supplementary angles are two angles enclosed etc..",but
I find the first way easier,and in some cases it is extremely gonvenient.Thusj
instead of saying"Two different straight lines having an extremity(i.esan end=-
point)in common etc.e",we say "Straight lines AB and BC etces",since"B" here
replaces "having an extremity in common".Now just as animal 1s more universal
than man,since man is gotten by the addition of rational to onimal,so straight
line is more universal then each of the straight lines in "Two straight lines
AB and BC",since in the latter we add to each straight line the fact that each
has one of its extremities touching the extremity of the other.Thus we must




2e

bo careful how to express the fact that a straight line as such is more uni-
versal than AB or BC . In definition 1,thercforo,I used p and q as angles,
but in definition 2., I usod pp, dis T1 s and s ,and it is evident that p
and q are more universal than piand q3 , and likowise more universal than q1

and r, , r, and sy, and s; and p, o Likewise,in definition 1 ,I used AE,CE,BE,
eteeee, but in dofinition 2 , I used AEy, C El, By Ey » D.E,,atc.-

The oxistence of an individual case is sufficient to justify us in
giving a universal demonstrationjand so,the fact that we have demonstrated
the existence of one case of particular intersecting straight lines moking
vertical angles,is sufficient to justify us in giving & universal demonstra-
tion,The figure 3 which I have drawn is a particular case,in order to facili=
tate the reader,but our demonstratlon is universal and has no reference to it,.
I have used the letters A,, B,, etc., to correspond to A,, B,, etc.,for conve=
nience,

The principles or axioms are divided in the following way: 1=7 are
principles of logic or metaphysics ,8~18 are principles of mathematics.0f the
prlnclples of mathematics,8-10 are principles of mathematics in gencral,that
is for both continuous and discrete quantity;but principles 11-18 are prin-
ciples of geometry.Again,of the principles,some are possible,that is those
which have the word"mey" in themjothers are necessary,namely,those which si=-
gnify necessary connections. Principles 1=6, 8 , 11~16 , are possible,tho rest

are necossary. Finally,of the principles,some are used as premises for a conclu-

sion,i.c.all the necessary and Ax.& ,others are not used as premises but are
used in a different way , i.eefor construction etc. .
)

1‘11 A P

Definitions [fig.l] A, £ ¥

ls Supplementary angles p and q are anglos p and q enclosed by straight lines
AE and CE , and CE and BE , stralght lines AE and BE being parts of straight
line AB.

2+ Vertical angles p, and r,, q,and s,, are angles p, and r,, q, and s,, enclo-
sed by straight lines A;E,and C;E;, and ByEjand D}E;, and C,E;and B/ E, , and
A Eiend D E, , straight lines A(E, and B,E;, and C E,and D, E, ,being parts
of straight lines A, By end C, E,respectively .

Axioms
l. An unasserted part of a definition or of a proposition may be asserted.
2. Propositions may be combined.

3. An asserted propesition,when combined,may be stated in an unasserted form.

4, In a definition,the definition or any part of it,may be pwedicated of the
name 3 and the name may be predicated of the definition.

S5e¢ An asserted attribute of a subject may be combined with the subject.,
. What is possible may be actuallsed .
- (\4 “y An c(f,m—l'zn‘" L A4 A gl l""ﬂ‘jf

6
7
g. Quantities may be summed,
9

. Quantities,which are equal to the same guantity,are equal,




lo,
11,
12,
13,
14,
15,
16.
17,

18.

1.

3a
Equal summed quantities x and y ,and, y and z ,have parté}x and z equal.
A plane mﬁy be taken.
Points may be taken in a plane.
A straight lins'may be drawn between two points.
A point outside a straight lineumay be taken.
A point within a straight line may be taken,
A straight line mey be oxtended in either direction
A straight.line is an element

A point within o straight line divides it into two parts.

DEMONS TRA TION

That & +thing signified by the second definition exists

a) Construction

1, Toke plane M (Ax. 11,6 ) e M
2e Take points A and B in M (Ax.12,6) A \]?\ B fm.‘l
\I

L

3¢ Drew a straight line from A to B (Ax o 13,
4, 'T;ke point C ocutside of AB (Ax.14,6)

5 Take a point D within straight line AB (Ax. 15,6)
6e Draw straight line CD (Ax.13,6)

7o Extend CD in direction of D ,to E (Ax.16,6)

b) To demonstrate that ACBED satisfies definition 2

Point D is within straight line AB (By 5 above)
A point within a straight line divides It into 2 parts (Ax.18)

s Point D divides straight line AB into parts AD and DB of Straight line AB

Se

Se

Part of an element is an element {Ax.7)
A straight line is an element (Axe17)
“Part of a straight line is a straight line

AD is a part of straight line AB (Step 1 above,Ax.l )
Straight line AB is a straight line (Def., Ax.4)

. AD is part of a straight line

4.

AD is part of a straight line (From above)
Part of a straight line is a straight line (From step 2)

S.AD is a straight line.

Oe

Likewise for DB and DE 6e CD is a straight line(From 6 above)
7e otceotc, -




Be

L.

2e

Se

4.

Se

Sh

Be

.

10,

11,

12,

dy

That vertical angles are equal

Angle p, is enclosed by straight
lines A, E, and C, B, (Ax.1,dof,2)

Angle q, is enclosed by straight
lines C,E, and B/ E (Ax.1,defe2)

Angle p, and q, are enclosed by A
straight lines A(E, and C, E,and !
B, E, (4x.2)

Straight lines A,B, and B,E,aro parts of straight line- i, B, (Axel,def.2)

Angles p, and q, are enclosed by A,E,and C,E:,and C,E, and B, E,, streight
lines A E, and B, E, being parts of straight line 4, B) (Ax. 2,3) ‘

Angles p and g, enclosed otces.eare angles'p and q enclosedess (AXe3,def)
Angles p and q enclosed etoesssare supplementary angles p and q (Def.l,Axe4
ingles p and q, enclosed etc. e are supplementary angles p and g

Supplementery engles p, and q, are guantities (Ax.3,def,)
Quantities may be summed (Axe8)
Supplementary angles p, ond qlsmuy;bo sumnod .

Sum of p, and q, of supplementary angles p, and q, is sum p and q of

supplementary angles p and q (Ax,6,def.) "

Sum p and q of supplementary angles p and g is equal to two right angles
: (Theorem)

Sum of p, and q, etceseeis equal to two right angles
Sum of q, and r, etc.es.is equal to two right angles (Steps i=8-)

Sums of p, end q,, and of q, and r, , are each equal to two right angles’
(.[\.Xo 2 )

Those equal to two right angles are equal to the same quantity

Those equal to the same quantity are equal

Sums of p, and q, , and of q, and r, , are equal

Equal sums of p, and q, ,and of q, and 1, , are equal sums of p and g ,
and of q and r (Ax.5) v

Equal sums of p and q ,and of q and r ,have parts p and r equal (Ax¢10)
Equal sums of p, and q,, and of q, and r,, have parts p, and r, equel

Therefore , p, and r, are equal . (Ax.1)
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